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What this talk is

• Worst-case analysis for nearest neighbor search

• possible vs impossible



What this talk is

• Worst-case analysis for nearest neighbor search

• possible vs impossible

Exact Algs -approx
<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω) -approx<latexit sha1_base64="ExPOFqwgX7g7fJydxXWEELr0MCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqsH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AyfeM8g==</latexit>c
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Data-dependent LSH



- a data structure problem

• Preprocessing:


• dataset of points in a metric 
space 
 

• Query:


• new point, find closest dataset 
point

Nearest Neighbors

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q



- a data structure problem has two trivial data structures

• Linear storage, linear scan. 
 
 
 

• Prepare all answers, constant 
time.


• for finite metric

Nearest Neighbors

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q



- a data structure problem has two trivial data structures

• Linear storage, linear scan. 
 
 
 

• Prepare all answers, constant 
time.


• for finite metric

Nearest Neighbors

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

Best of both worlds?



•     : number of dataset points 
 

• Metric space:               — generalize later 
 

• Priorities:


• Fast query time


• Polynomial space


• Preprocessing time

Set Parameters and Priorities

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="JyiIZL6He1SgeN67BWsgxBv/EyQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJilSXRTcuq9gHNDFMJtN26GQSZiZCiV34K25cKOLW33Dn3zhps9DWAwOHc+7lnjl+zKhUlvVtFJaWV1bXiuuljc2t7R1zd68to0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90lfmdByIkjfidGsfEDdGA0z7FSGnJMw8qTojU0PfT28l9cAodwphXO/HMslW1poCLxM5JGeRoeuaXE0Q4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ05Sgk0k2n+SfwWCsB7EdCP67gVP29kaJQynHo68ksrJz3MvE/r5eo/oWbUh4ninA8O9RPGFQRzMqAARUEKzbWBGFBdVaIh0ggrHRlJV2CPf/lRdKuVe16tX5zVm5c5nUUwSE4AhVgg3PQANegCVoAg0fwDF7Bm/FkvBjvxsdstGDkO/vgD4zPH5NAlS8=</latexit>

(Rd, ω2)
<latexit sha1_base64="8ddGjxn311rA58gnQ3ae9fZKYUM=">AAACDHicbVDLTgIxFO3gC/GFunTTSExgQ2aMQZdENy4xkUfCIOmUCzR02rHtmJAJH+DGX3HjQmPc+gHu/BsLzELBkzQ9OefctPcEEWfauO63k1lZXVvfyG7mtrZ3dvfy+wcNLWNFoU4ll6oVEA2cCagbZji0IgUkDDg0g9HV1G8+gNJMilszjqATkoFgfUaJsVI3X/BlCANS9LkcYFHCPod73Jtf4i6RRa80sSm37M6Al4mXkgJKUevmv/yepHEIwlBOtG57bmQ6CVGGUQ6TnB9riAgdkQG0LRUkBN1JZstM8IlVergvlT3C4Jn6eyIhodbjMLDJkJihXvSm4n9eOzb9i07CRBQbEHT+UD/m2Eg8bQb3mAJq+NgSQhWzf8V0SBShxvaXsyV4iysvk8Zp2auUKzdnheplWkcWHaFjVEQeOkdVdI1qqI4oekTP6BW9OU/Oi/PufMyjGSedOUR/4Hz+ACgLmcs=</latexit>

ω(log n) → d → no(1)



- binary search

• Divide-and-Conquer


• preprocessing time


• space


• query time   

Nearest Neighbors in one dimension

Sorted dataset

<latexit sha1_base64="Krn/OWGkj+caNAnIF4Mga0CLfHM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLvEoEeiF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpQV5UesWSW3bnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzUvaq5er9Zal2k8WRhxM4hXPw4ApqcAd1aACDATzDK7w5wnlx3p2PRWvOyWaO4Q+czx+4i41y</latexit>

n/2 points

<latexit sha1_base64="S0EI8PKiIMqTwFow+p3mRB8s3Ss=">AAACE3icbZDLSgMxFIYz9VbH26hLN8FiaRXqTJHqRii6cWeF3qBTSiZN29BMMiYZoZS+gxtfxY0LRdy6cefbmF4W2vpD4OM/53By/iBiVGnX/bYSS8srq2vJdXtjc2t7x9ndqyoRS0wqWDAh6wFShFFOKppqRuqRJCgMGKkF/etxvfZApKKCl/UgIs0QdTntUIy0sVrOcTnDszDtM3IPDZ7ms/AEetD3bThW+hLeZnwmupBnW07KzbkTwUXwZpACM5VazpffFjgOCdeYIaUanhvp5hBJTTEjI9uPFYkQ7qMuaRjkKCSqOZzcNIJHxmnDjpDmcQ0n7u+JIQqVGoSB6QyR7qn52tj8r9aIdeeiOaQ8ijXheLqoEzOoBRwHBNtUEqzZwADCkpq/QtxDEmFtYrRNCN78yYtQzee8Qq5wd5YqXs3iSIIDcAgywAPnoAhuQAlUAAaP4Bm8gjfryXqx3q2PaWvCms3sgz+yPn8AiVGYUg==</latexit>

T (n) → T (n/2) + 1

= O(log n)

<latexit sha1_base64="TvCujB5LiMe3g8zuzrhlF8Hpt8I=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2VXpHosevFmBfsB26Vk02wbmk2WZFYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vp35nSemDVfyESYJC2IylDzilICV/PuqxD2hhlie98sVt+bOgVeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYtNRLDUsIHZMh8y2VJGYmyOYnT/GZVQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OIroOMyyQFJuliUZQKDArP/scDrhkFMbGEUM3trZiOiCYUbEolG4K3/PIqaV/UvHqt/nBZadzkcRTRCTpFVeShK9RAd6iJWogihZ7RK3pzwHlx3p2PRWvByWeO0R84nz/KoJBN</latexit>

O(n log n)

<latexit sha1_base64="SASBQkVZpO3QfpkRilSy5fUy7zI=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OLNCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPpppTH2BR5KFjGCTSfdVeT4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6w2WlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPPZ6Nuw==</latexit>

O(n)

<latexit sha1_base64="G0j8+QCGaO8b3mkcQEPKd9E6nVs=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BL96MYB6SLGF2MpsMmccyMyuEkK/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1jM7eV397Z3dsvHBw2jEo1oXWiuNKtCBvKmaR1yyynrURTLCJOm9HwZuo3n6g2TMkHO0poKHBfspgRbJ30eFfqcNVH8qxbKPplfwa0TIKMFCFDrVv46vQUSQWVlnBsTDvwExuOsbaMcDrJd1JDE0yGuE/bjkosqAnHs4Mn6NQpPRQr7UpaNFN/T4yxMGYkItcpsB2YRW8q/ue1UxtfhWMmk9RSSeaL4pQjq9D0e9RjmhLLR45gopm7FZEB1phYl1HehRAsvrxMGufloFKu3F8Uq9dZHDk4hhMoQQCXUIVbqEEdCAh4hld487T34r17H/PWFS+bOYI/8D5/AKQxj6s=</latexit>

O(log n)



[Clarkson ’88, Meiser ’93] 

• Query time: 


• Space:                  for any  

• Geometric complexity of Voronoi 
Diagram: 

Nearest Neighbors in higher dimension

<latexit sha1_base64="FyPyTsrGJ1pg2akCex7oyZNV8gg=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1E2dKVJdFt24rNAbdMaSSU/b0ExmSDJCGbpy46u4caGIW5/BnW9jello6w+Bj/+cw8n5g5gzpR3n28qsrK6tb2Q3c1vbO7t79v5BQ0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDm0m9+QBSsUjU9CgGPyR9wXqMEm2sjn3s1QagSUHcpx6nwDjunpewJyc4PuvYeafoTIWXwZ1DHs1V7dhfXjeiSQhCU06UartOrP2USM0oh3HOSxTEhA5JH9oGBQlB+en0jDE+NU4X9yJpntB46v6eSEmo1CgMTGdI9EAt1ibmf7V2ontXfspEnGgQdLaol3CsIzzJBHeZBKr5yAChkpm/YjogklBtksuZENzFk5ehUSq65WL57iJfuZ7HkUVH6AQVkIsuUQXdoiqqI4oe0TN6RW/Wk/VivVsfs9aMNZ85RH9kff4Az9GYFA==</latexit>

!(n→d/2↑)

<latexit sha1_base64="HorsZfYRwlLeHoKY0SZFwNw6tx4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiWj0WvXizgv2ANpbNZtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuZXVtfSO/Wdja3tndK+4fNFWUSEIbJOKRbHtYUc4EbWimOW3HkuLQ47TlDW+mfmtEpWKReNDjmLoh7gsWMIK1kdy7sv94gbo86iNx2iuW7Io9A1omTkZKkKHeK351/YgkIRWacKxUx7Fj7aZYakY4nRS6iaIxJkPcpx1DBQ6pctPZ0RN0YhQfBZE0JTSaqb8nUhwqNQ490xliPVCL3lT8z+skOrhyUybiRFNB5ouChCMdoWkCyGeSEs3HhmAimbkVkQGWmGiTU8GE4Cy+vEyaZxWnWqnen5dq11kceTiCYyiDA5dQg1uoQwMIPMEzvMKbNbJerHfrY96as7KZQ/gD6/MH6qGQ6g==</latexit>

O(d5 log n)
<latexit sha1_base64="7NXixfJngWwC5Ut5hhsMtnVlwdc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaEkItVj0Ys3K9gPaGPZbLbt0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyK6tr6xv5zcLW9s5u0d7bb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11P/dYjlYpF4l6PY+qFeCBYnxGsjdSzi7dl8ZAGp92Aco0nJz275FScGdAycTNSggz1nv3VDSKShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMFTikyktnh0/QsVEC1I+kKaHRTP09keJQqXHom84Q66Fa9Kbif14n0f1LL2UiTjQVZL6on3CkIzRNAQVMUqL52BBMJDO3IjLEEhNtsiqYENzFl5dJ86ziVivVu/NS7SqLIw+HcARlcOECanADdWgAgQSe4RXerCfrxXq3PuatOSubOYA/sD5/APCekqU=</latexit>

O(nd+ω) <latexit sha1_base64="PehU5oQ6vXk7hGSDMXxOISGZN1U=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqicpevFYwX5gG8pmM2mXbjZhdyKU0n/hxYMiXv033vw3btsctPpg4PHeDDPzglQKg6775RRWVtfWN4qbpa3tnd298v5ByySZ5tDkiUx0J2AGpFDQRIESOqkGFgcS2sHoZua3H0Ebkah7HKfgx2ygRCQ4Qys99EKQyOgVdfvlilt156B/iZeTCsnR6Jc/e2HCsxgUcsmM6Xpuiv6EaRRcwrTUywykjI/YALqWKhaD8Sfzi6f0xCohjRJtSyGdqz8nJiw2ZhwHtjNmODTL3kz8z+tmGF36E6HSDEHxxaIokxQTOnufhkIDRzm2hHEt7K2UD5lmHG1IJRuCt/zyX9I6q3q1au3uvFK/zuMokiNyTE6JRy5IndySBmkSThR5Ii/k1THOs/PmvC9aC04+c0h+wfn4BjtMj/0=</latexit>

ω > 0



[Clarkson ’88, Meiser ’93] 

• Query time: 


• Space:                  for any  

• Geometric complexity of Voronoi 
Diagram: 

Nearest Neighbors in higher dimension

<latexit sha1_base64="FyPyTsrGJ1pg2akCex7oyZNV8gg=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEi1E2dKVJdFt24rNAbdMaSSU/b0ExmSDJCGbpy46u4caGIW5/BnW9jello6w+Bj/+cw8n5g5gzpR3n28qsrK6tb2Q3c1vbO7t79v5BQ0WJpFCnEY9kKyAKOBNQ10xzaMUSSBhwaAbDm0m9+QBSsUjU9CgGPyR9wXqMEm2sjn3s1QagSUHcpx6nwDjunpewJyc4PuvYeafoTIWXwZ1DHs1V7dhfXjeiSQhCU06UartOrP2USM0oh3HOSxTEhA5JH9oGBQlB+en0jDE+NU4X9yJpntB46v6eSEmo1CgMTGdI9EAt1ibmf7V2ontXfspEnGgQdLaol3CsIzzJBHeZBKr5yAChkpm/YjogklBtksuZENzFk5ehUSq65WL57iJfuZ7HkUVH6AQVkIsuUQXdoiqqI4oe0TN6RW/Wk/VivVsfs9aMNZ85RH9kff4Az9GYFA==</latexit>

!(n→d/2↑)

<latexit sha1_base64="HorsZfYRwlLeHoKY0SZFwNw6tx4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiWj0WvXizgv2ANpbNZtMu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZuZXVtfSO/Wdja3tndK+4fNFWUSEIbJOKRbHtYUc4EbWimOW3HkuLQ47TlDW+mfmtEpWKReNDjmLoh7gsWMIK1kdy7sv94gbo86iNx2iuW7Io9A1omTkZKkKHeK351/YgkIRWacKxUx7Fj7aZYakY4nRS6iaIxJkPcpx1DBQ6pctPZ0RN0YhQfBZE0JTSaqb8nUhwqNQ490xliPVCL3lT8z+skOrhyUybiRFNB5ouChCMdoWkCyGeSEs3HhmAimbkVkQGWmGiTU8GE4Cy+vEyaZxWnWqnen5dq11kceTiCYyiDA5dQg1uoQwMIPMEzvMKbNbJerHfrY96as7KZQ/gD6/MH6qGQ6g==</latexit>

O(d5 log n)
<latexit sha1_base64="7NXixfJngWwC5Ut5hhsMtnVlwdc=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIFaEkItVj0Ys3K9gPaGPZbLbt0s0m7G6EGvpLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMPD/mTGnH+bZyK6tr6xv5zcLW9s5u0d7bb6ookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH11P/dYjlYpF4l6PY+qFeCBYnxGsjdSzi7dl8ZAGp92Aco0nJz275FScGdAycTNSggz1nv3VDSKShFRowrFSHdeJtZdiqRnhdFLoJorGmIzwgHYMFTikyktnh0/QsVEC1I+kKaHRTP09keJQqXHom84Q66Fa9Kbif14n0f1LL2UiTjQVZL6on3CkIzRNAQVMUqL52BBMJDO3IjLEEhNtsiqYENzFl5dJ86ziVivVu/NS7SqLIw+HcARlcOECanADdWgAgQSe4RXerCfrxXq3PuatOSubOYA/sD5/APCekqU=</latexit>

O(nd+ω) <latexit sha1_base64="PehU5oQ6vXk7hGSDMXxOISGZN1U=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqicpevFYwX5gG8pmM2mXbjZhdyKU0n/hxYMiXv033vw3btsctPpg4PHeDDPzglQKg6775RRWVtfWN4qbpa3tnd298v5ByySZ5tDkiUx0J2AGpFDQRIESOqkGFgcS2sHoZua3H0Ebkah7HKfgx2ygRCQ4Qys99EKQyOgVdfvlilt156B/iZeTCsnR6Jc/e2HCsxgUcsmM6Xpuiv6EaRRcwrTUywykjI/YALqWKhaD8Sfzi6f0xCohjRJtSyGdqz8nJiw2ZhwHtjNmODTL3kz8z+tmGF36E6HSDEHxxaIokxQTOnufhkIDRzm2hHEt7K2UD5lmHG1IJRuCt/zyX9I6q3q1au3uvFK/zuMokiNyTE6JRy5IndySBmkSThR5Ii/k1THOs/PmvC9aC04+c0h+wfn4BjtMj/0=</latexit>

ω > 0

Does there exist a poly-space sublinear query D.S?



A strong negative answer

• Fine-grained complexity


• [Williams ’05], [Ahle, Pagh, Razenshteyn, Silvestri ’16] 

• Theorem: a data structure for nearest neighbor search with 
 
    1.                preprocessing time 
    2.                      query time 
 
disproves SETH.

Nearest Neighbors in higher dimension

<latexit sha1_base64="eYfz4ZeSOec/W8DvPxRaOypD1CM=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5KIVJdFNy4r2Ae0oUwmk3boPMLMRAmxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pkTxJQo7brfVmltfWNzq7xd2dnd2z+wq4ddJRKJcAcJKmQ/gApTwnFHE01xP5YYsoDiXjC9yf3eA5aKCH6v0xj7DI45iQiC2kgjuzpkUE8ky2JB01mdh2cju+Y23DmcVeIVpAYKtEf21zAUKGGYa0ShUgPPjbWfQakJonhWGSYKxxBN4RgPDOWQYeVn8+gz59QooRMJaR7Xzlz9vZFBplTKAjOZB1XLXi7+5w0SHV35GeFxojFHi0NRQh0tnLwHJyQSI01TQyCSxGR10ARKiLRpq2JK8Ja/vEq65w2v2WjeXdRa10UdZXAMTkAdeOAStMAtaIMOQOARPINX8GY9WS/Wu/WxGC1Zxc4R+APr8wd1q5Qk</latexit>

poly(nd)
<latexit sha1_base64="Io1FhJjUalnkuzyWBJqEo7emV+M=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQF5ZEpLosunFZwT6gqWUymbZDJzNhZiKE0C9w46+4caGIW9fu/BsnbRbaeuDC4Zx7ufceP2JUacf5tgorq2vrG8XN0tb2zu6evX/QViKWmLSwYEJ2faQIo5y0NNWMdCNJUOgz0vEn15nfeSBSUcHvdBKRfohGnA4pRtpIA7vihUiPZZhGgiXTanACPRwIDfl96p56JFKUCT4d2GWn5swAl4mbkzLI0RzYX14gcBwSrjFDSvVcJ9L9FElNMSPTkhcrEiE8QSPSM5SjkKh+OntnCitGCeBQSFNcw5n6eyJFoVJJ6JvO7Hi16GXif14v1sPLfkp5FGvC8XzRMGZQC5hlAwMqCdYsMQRhSc2tEI+RRFibBEsmBHfx5WXSPqu59Vr99rzcuMrjKIIjcAyqwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz86U5w8</latexit>

poly(d) · n1→ω



More space-efficient for          -approximations

• [Arya, Mount, Netanyahu, Silverman, Wu ’94], [Clarkson ’94], [Kleinberg ’97] 
[Kushilevitz, Ostrovsky, Rabani ’98, Indyk, Motwani ‘98]


• Space: 

• Query Time:  
 

Approximate Nearest Neighbors
<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)

<latexit sha1_base64="On7iLpKf5iwf1t3/l1lPij+ia48="></latexit>

n!(d) → n · (d/ω)O(d) → n · (1/ω)O(d) → (nd)O(1/ω2)

<latexit sha1_base64="BcNn/6ebaruUxX0qk2reeL0aKrc=">AAACIHicbVDLSgMxFM3UV62vqks3wSK0IHVGpHVZdOPOCvYBnVoymUwbmkmGJCMMQz/Fjb/ixoUiutOvMW1nodUDgcM595J7jhcxqrRtf1q5peWV1bX8emFjc2t7p7i711Yilpi0sGBCdj2kCKOctDTVjHQjSVDoMdLxxpdTv3NPpKKC3+okIv0QDTkNKEbaSINiveycuCRSlAleuUuvy35lAl0mhpBDVwvohkiPZJhGgiWTsn+ceZVBsWRX7RngX+JkpAQyNAfFD9cXOA4J15ghpXqOHel+iqSmmJFJwY0ViRAeoyHpGcpRSFQ/nQWcwCOj+DAQ0jyu4Uz9uZGiUKkk9Mzk9F616E3F/7xerIPzfkp5FGvC8fyjIGbQJJ+2BX0qCdYsMQRhSc2tEI+QRFibTgumBGcx8l/SPq06tWrt5qzUuMjqyIMDcAjKwAF10ABXoAlaAIMH8ARewKv1aD1bb9b7fDRnZTv74Besr29DmaHW</latexit>

(1/ω)O(d) log n → poly(d, log n)



• [Arya, Mount, Netanyahu, Silverman, Wu ’94], [Clarkson ’94], [Kleinberg ’97], 
[Kushilevitz, Ostrovsky, Rabani ’98, Indyk, Motwani ‘98]


• Space: 

• Query Time:  
 

Approximate Nearest Neighbors

<latexit sha1_base64="On7iLpKf5iwf1t3/l1lPij+ia48="></latexit>

n!(d) → n · (d/ω)O(d) → n · (1/ω)O(d) → (nd)O(1/ω2)

More space-efficient for          -approximations<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)

<latexit sha1_base64="BcNn/6ebaruUxX0qk2reeL0aKrc=">AAACIHicbVDLSgMxFM3UV62vqks3wSK0IHVGpHVZdOPOCvYBnVoymUwbmkmGJCMMQz/Fjb/ixoUiutOvMW1nodUDgcM595J7jhcxqrRtf1q5peWV1bX8emFjc2t7p7i711Yilpi0sGBCdj2kCKOctDTVjHQjSVDoMdLxxpdTv3NPpKKC3+okIv0QDTkNKEbaSINiveycuCRSlAleuUuvy35lAl0mhpBDVwvohkiPZJhGgiWTsn+ceZVBsWRX7RngX+JkpAQyNAfFD9cXOA4J15ghpXqOHel+iqSmmJFJwY0ViRAeoyHpGcpRSFQ/nQWcwCOj+DAQ0jyu4Uz9uZGiUKkk9Mzk9F616E3F/7xerIPzfkp5FGvC8fyjIGbQJJ+2BX0qCdYsMQRhSc2tEI+QRFibTgumBGcx8l/SPq06tWrt5qzUuMjqyIMDcAjKwAF10ABXoAlaAIMH8ARewKv1aD1bb9b7fDRnZTv74Besr29DmaHW</latexit>

(1/ω)O(d) log n → poly(d, log n)

<latexit sha1_base64="yZSUNI/vSLwJzd4dGXYBbKwE6Z8=">AAACDHicbVDLSgMxFM34tr6qLt0Ei1A3daZIdSm6caeCVaFTJZO5bYOZZEjuCGXoB7jxV9y4UMStH+DOvzGts1DrgcDhnHO5uSdKpbDo+5/exOTU9Mzs3HxpYXFpeaW8unZhdWY4NLmW2lxFzIIUCpooUMJVaoAlkYTL6PZo6F/egbFCq3Psp9BOWFeJjuAMnXRTriga8lgjVdd5iELGkJ8MqsFOCKkVUqvr+vbApfyaPwIdJ0FBKqTA6U35I4w1zxJQyCWzthX4KbZzZlBwCYNSmFlIGb9lXWg5qlgCtp2PjhnQLafEtKONewrpSP05kbPE2n4SuWTCsGf/ekPxP6+VYWe/nQuVZgiKfy/qZJKipsNmaCwMcJR9Rxg3wv2V8h4zjKPrr+RKCP6ePE4u6rWgUWuc7VYODos65sgG2SRVEpA9ckCOySlpEk7uySN5Ji/eg/fkvXpv39EJr5hZJ7/gvX8BzTCa2A==</latexit>

n · nÕ(1/ω2)



• [Arya, Mount, Netanyahu, Silverman, Wu ’94], [Clarkson ’94], [Kleinberg ’97], 
[Kushilevitz, Ostrovsky, Rabani ’98, Indyk, Motwani ‘98]


• Space: 

• Query Time:  
 

Approximate Nearest Neighbors

<latexit sha1_base64="On7iLpKf5iwf1t3/l1lPij+ia48="></latexit>

n!(d) → n · (d/ω)O(d) → n · (1/ω)O(d) → (nd)O(1/ω2)

Accurate approx., log-query time, large space

More space-efficient for          -approximations<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)

<latexit sha1_base64="BcNn/6ebaruUxX0qk2reeL0aKrc=">AAACIHicbVDLSgMxFM3UV62vqks3wSK0IHVGpHVZdOPOCvYBnVoymUwbmkmGJCMMQz/Fjb/ixoUiutOvMW1nodUDgcM595J7jhcxqrRtf1q5peWV1bX8emFjc2t7p7i711Yilpi0sGBCdj2kCKOctDTVjHQjSVDoMdLxxpdTv3NPpKKC3+okIv0QDTkNKEbaSINiveycuCRSlAleuUuvy35lAl0mhpBDVwvohkiPZJhGgiWTsn+ceZVBsWRX7RngX+JkpAQyNAfFD9cXOA4J15ghpXqOHel+iqSmmJFJwY0ViRAeoyHpGcpRSFQ/nQWcwCOj+DAQ0jyu4Uz9uZGiUKkk9Mzk9F616E3F/7xerIPzfkp5FGvC8fyjIGbQJJ+2BX0qCdYsMQRhSc2tEI+QRFibTgumBGcx8l/SPq06tWrt5qzUuMjqyIMDcAjKwAF10ABXoAlaAIMH8ARewKv1aD1bb9b7fDRnZTv74Besr29DmaHW</latexit>

(1/ω)O(d) log n → poly(d, log n)

<latexit sha1_base64="yZSUNI/vSLwJzd4dGXYBbKwE6Z8=">AAACDHicbVDLSgMxFM34tr6qLt0Ei1A3daZIdSm6caeCVaFTJZO5bYOZZEjuCGXoB7jxV9y4UMStH+DOvzGts1DrgcDhnHO5uSdKpbDo+5/exOTU9Mzs3HxpYXFpeaW8unZhdWY4NLmW2lxFzIIUCpooUMJVaoAlkYTL6PZo6F/egbFCq3Psp9BOWFeJjuAMnXRTriga8lgjVdd5iELGkJ8MqsFOCKkVUqvr+vbApfyaPwIdJ0FBKqTA6U35I4w1zxJQyCWzthX4KbZzZlBwCYNSmFlIGb9lXWg5qlgCtp2PjhnQLafEtKONewrpSP05kbPE2n4SuWTCsGf/ekPxP6+VYWe/nQuVZgiKfy/qZJKipsNmaCwMcJR9Rxg3wv2V8h4zjKPrr+RKCP6ePE4u6rWgUWuc7VYODos65sgG2SRVEpA9ckCOySlpEk7uySN5Ji/eg/fkvXpv39EJr5hZJ7/gvX8BzTCa2A==</latexit>

n · nÕ(1/ω2)



• [Arya, Mount, Netanyahu, Silverman, Wu ’94], [Clarkson ’94], [Kleinberg ’97], 
[Kushilevitz, Ostrovsky, Rabani ’98, Indyk, Motwani ‘98]


• Space: 

• Query Time:  
 
 

• What makes dependence exponential? [Clarkson ’99], [Karger, Ruhl ’02], 
[Krauthgamer, Lee ’04], … etc, survey [Clarkson ’05]

Approximate Nearest Neighbors

<latexit sha1_base64="On7iLpKf5iwf1t3/l1lPij+ia48="></latexit>

n!(d) → n · (d/ω)O(d) → n · (1/ω)O(d) → (nd)O(1/ω2)

Accurate approx., log-query time, large space

More space-efficient for          -approximations<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)

<latexit sha1_base64="BcNn/6ebaruUxX0qk2reeL0aKrc=">AAACIHicbVDLSgMxFM3UV62vqks3wSK0IHVGpHVZdOPOCvYBnVoymUwbmkmGJCMMQz/Fjb/ixoUiutOvMW1nodUDgcM595J7jhcxqrRtf1q5peWV1bX8emFjc2t7p7i711Yilpi0sGBCdj2kCKOctDTVjHQjSVDoMdLxxpdTv3NPpKKC3+okIv0QDTkNKEbaSINiveycuCRSlAleuUuvy35lAl0mhpBDVwvohkiPZJhGgiWTsn+ceZVBsWRX7RngX+JkpAQyNAfFD9cXOA4J15ghpXqOHel+iqSmmJFJwY0ViRAeoyHpGcpRSFQ/nQWcwCOj+DAQ0jyu4Uz9uZGiUKkk9Mzk9F616E3F/7xerIPzfkp5FGvC8fyjIGbQJJ+2BX0qCdYsMQRhSc2tEI+QRFibTgumBGcx8l/SPq06tWrt5qzUuMjqyIMDcAjKwAF10ABXoAlaAIMH8ARewKv1aD1bb9b7fDRnZTv74Besr29DmaHW</latexit>

(1/ω)O(d) log n → poly(d, log n)

<latexit sha1_base64="yZSUNI/vSLwJzd4dGXYBbKwE6Z8=">AAACDHicbVDLSgMxFM34tr6qLt0Ei1A3daZIdSm6caeCVaFTJZO5bYOZZEjuCGXoB7jxV9y4UMStH+DOvzGts1DrgcDhnHO5uSdKpbDo+5/exOTU9Mzs3HxpYXFpeaW8unZhdWY4NLmW2lxFzIIUCpooUMJVaoAlkYTL6PZo6F/egbFCq3Psp9BOWFeJjuAMnXRTriga8lgjVdd5iELGkJ8MqsFOCKkVUqvr+vbApfyaPwIdJ0FBKqTA6U35I4w1zxJQyCWzthX4KbZzZlBwCYNSmFlIGb9lXWg5qlgCtp2PjhnQLafEtKONewrpSP05kbPE2n4SuWTCsGf/ekPxP6+VYWe/nQuVZgiKfy/qZJKipsNmaCwMcJR9Rxg3wv2V8h4zjKPrr+RKCP6ePE4u6rWgUWuc7VYODos65sgG2SRVEpA9ckCOySlpEk7uySN5Ji/eg/fkvXpv39EJr5hZJ7/gvX8BzTCa2A==</latexit>

n · nÕ(1/ω2)



• Imagine sublinear algorithm


• find point 


• convince yourself no closer 
point - could intersect      
boxes 

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p

<latexit sha1_base64="Iq2cazGJdDdHIcsAvG+CL+KxXfg=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXisaD+gXUs2m21Ds8mSZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8zhNVmknxYCYJ9WM8FCxiBBsr3dcew0G54lbdOdAq8XJSgRzNQfmrH0qSxlQYwrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYsFTim2s/mp07RmVVCFEllSxg0V39PZDjWehIHtjPGZqSXvZn4n9dLTXTlZ0wkqaGCLBZFKUdGotnfKGSKEsMnlmCimL0VkRFWmBibTsmG4C2/vEratapXr9bvLiqN6zyOIpzAKZyDB5fQgFtoQgsIDOEZXuHN4c6L8+58LFoLTj5zDH/gfP4A8FaNlw==</latexit>

2d

Approximate Nearest Neighbors
More space-efficient for          -approximations<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p



• Imagine sublinear algorithm


• find point 


• convince yourself no closer 
point - could intersect      
boxes 

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p

<latexit sha1_base64="Iq2cazGJdDdHIcsAvG+CL+KxXfg=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktUj0WvXisaD+gXUs2m21Ds8mSZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5QcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY38z8zhNVmknxYCYJ9WM8FCxiBBsr3dcew0G54lbdOdAq8XJSgRzNQfmrH0qSxlQYwrHWPc9NjJ9hZRjhdFrqp5ommIzxkPYsFTim2s/mp07RmVVCFEllSxg0V39PZDjWehIHtjPGZqSXvZn4n9dLTXTlZ0wkqaGCLBZFKUdGotnfKGSKEsMnlmCimL0VkRFWmBibTsmG4C2/vEratapXr9bvLiqN6zyOIpzAKZyDB5fQgFtoQgsIDOEZXuHN4c6L8+58LFoLTj5zDH/gfP4A8FaNlw==</latexit>

2d

Approximate Nearest Neighbors
More space-efficient for          -approximations<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)

• Theorem [Rubinstein ‘2018]: a data structure for           -approx nn with:

•               preprocessing time and                           query time

disproves SETH.

<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω)
<latexit sha1_base64="eYfz4ZeSOec/W8DvPxRaOypD1CM=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5KIVJdFNy4r2Ae0oUwmk3boPMLMRAmxn+LGhSJu/RJ3/o2TNgttPTBwOOde7pkTxJQo7brfVmltfWNzq7xd2dnd2z+wq4ddJRKJcAcJKmQ/gApTwnFHE01xP5YYsoDiXjC9yf3eA5aKCH6v0xj7DI45iQiC2kgjuzpkUE8ky2JB01mdh2cju+Y23DmcVeIVpAYKtEf21zAUKGGYa0ShUgPPjbWfQakJonhWGSYKxxBN4RgPDOWQYeVn8+gz59QooRMJaR7Xzlz9vZFBplTKAjOZB1XLXi7+5w0SHV35GeFxojFHi0NRQh0tnLwHJyQSI01TQyCSxGR10ARKiLRpq2JK8Ja/vEq65w2v2WjeXdRa10UdZXAMTkAdeOAStMAtaIMOQOARPINX8GY9WS/Wu/WxGC1Zxc4R+APr8wd1q5Qk</latexit>

poly(nd)
<latexit sha1_base64="RW+cf9TzVe/UmSXiz8Qu9RCke5E=">AAACFnicbVDLSgMxFM34tr6qLt0Ei1AXLTMi1aXoxmUF2wqdWjKZ2xrMJENyRyhDv8KNv+LGhSJuxZ1/Y/pY+DoQOJxzLzfnRKkUFn3/05uZnZtfWFxaLqysrq1vFDe3mlZnhkODa6nNVcQsSKGggQIlXKUGWBJJaEW3ZyO/dQfGCq0ucZBCJ2F9JXqCM3RSt1gJE4Y3JslTLQfDcrxPQx5rpOo6DyphDBJZOYTUCqnV/rBbLPlVfwz6lwRTUiJT1LvFjzDWPEtAIZfM2nbgp9jJmUHBJQwLYWYhZfyW9aHtqGIJ2E4+jjWke06JaU8b9xTSsfp9I2eJtYMkcpOjEPa3NxL/89oZ9o47uVBphqD45FAvkxQ1HXVEY2GAoxw4wrgR7q+U3zDDOLomC66E4Hfkv6R5UA1q1drFYenkdFrHEtkhu6RMAnJETsg5qZMG4eSePJJn8uI9eE/eq/c2GZ3xpjvb5Ae89y/52p9D</latexit>

poly(d) · n1→ω(ε)



Sublinear algorithms, better space 

• “Randomized algorithms” perspective - [Indyk, Motwani ’98]


• Large constant approx.,         -query time,        -space + preprocessing

Approximate Nearest Neighbors via LSH

<latexit sha1_base64="lc3qJolLGv4LsU/E7G/Cf3Vf2/I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Ae0sWy223bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3grHtzO/9cS1EbF6wEnCg4gOlRgIRtFKLfWYea4/7ZUrnuvNQVaJn5MK5Kj3yl/dfszSiCtkkhrT8b0Eg4xqFEzyaambGp5QNqZD3rFU0YibIJufOyVnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vE6Kg+sgEypJkSu2WDRIJcGYzH4nfaE5QzmxhDIt7K2EjaimDG1CJRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QOe3I8e</latexit>

n0.1
<latexit sha1_base64="yb+hgR73SpFyXRB6ZV5e3W7V488=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Ae0sWy203bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAiujed9O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+H4dua3nlBpHssHM0kwiOhQ8gFn1FipJR8z3/WnvXLFc705yCrxc1KBHPVe+avbj1kaoTRMUK07vpeYIKPKcCZwWuqmGhPKxnSIHUsljVAH2fzcKTmzSp8MYmVLGjJXf09kNNJ6EoW2M6JmpJe9mfif10nN4DrIuExSg5ItFg1SQUxMZr+TPlfIjJhYQpni9lbCRlRRZmxCJRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QOgY48f</latexit>

n1.1



Sublinear algorithms, better space 

• “Randomized algorithms” perspective - [Indyk, Motwani ’98]


• Large constant approx.,         -query time,        -space + preprocessing


• High Level Idea:


• Randomized hashing experiment, produces subset of dataset, return nn.


• Why correct? Unlikely that significantly closer nn not in subset.


• Why fast? Using approx. promise, limit the size of subset.

Approximate Nearest Neighbors via LSH

<latexit sha1_base64="lc3qJolLGv4LsU/E7G/Cf3Vf2/I=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Ae0sWy223bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEhh0PO+ncLa+sbmVnG7tLO7t39QPjxqmjjVjDdYLGPdDqnhUijeQIGStxPNaRRK3grHtzO/9cS1EbF6wEnCg4gOlRgIRtFKLfWYea4/7ZUrnuvNQVaJn5MK5Kj3yl/dfszSiCtkkhrT8b0Eg4xqFEzyaambGp5QNqZD3rFU0YibIJufOyVnVumTQaxtKSRz9fdERiNjJlFoOyOKI7PszcT/vE6Kg+sgEypJkSu2WDRIJcGYzH4nfaE5QzmxhDIt7K2EjaimDG1CJRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QOe3I8e</latexit>

n0.1
<latexit sha1_base64="yb+hgR73SpFyXRB6ZV5e3W7V488=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Ae0sWy203bpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAiujed9O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+H4dua3nlBpHssHM0kwiOhQ8gFn1FipJR8z3/WnvXLFc705yCrxc1KBHPVe+avbj1kaoTRMUK07vpeYIKPKcCZwWuqmGhPKxnSIHUsljVAH2fzcKTmzSp8MYmVLGjJXf09kNNJ6EoW2M6JmpJe9mfif10nN4DrIuExSg5ItFg1SQUxMZr+TPlfIjJhYQpni9lbCRlRRZmxCJRuCv/zyKmleuH7Vrd5fVmo3eRxFOIFTOAcfrqAGd1CHBjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QOgY48f</latexit>

n1.1



single-scale version of the problem
Approximate Nearest Neighbor

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

• Preprocess dataset with scale 
and approx.           . 

• Query    .


• Promise                              ,


•   

• As soon as find                       , return. 

<latexit sha1_base64="4SafI0Bb7FZC+BLdLx12epHKQdQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX5Eb4vbKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1VrD5eV+m0eRxFO4BTOwYMrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPfumN1w==</latexit>

r > 0
<latexit sha1_base64="f8iKoaLUm32VOFcqGeeVHOQXnCo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMln5Eb4vXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmugwmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5kXVq1VrD5eV+m0eRxFO4BTOwYMrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPaXWNyQ==</latexit>

c > 1

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q
<latexit sha1_base64="wp6LT4OmRK5d9vvth66ADTk6cOg=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAbBi2E3SBRPQS8eI5gHZJdldtKbDJl9ZGZWDElOXvwVLx4U8eo3ePNvnCR70MSChqKqm+4uL+ZMKtP8NjJLyyura9n13Mbm1vZOfnevLqNEUKjRiEei6REJnIVQU0xxaMYCSOBxaHi964nfuAchWRTeqUEMTkA6IfMZJUpLbv7Qhge9ReIYX2J7hOPTvj1yS9jm0MfCzRfMojkFXiRWSgooRdXNf9ntiCYBhIpyImXLMmPlDIlQjHIY5+xEQkxoj3SgpWlIApDOcPrGGB9rpY39SOgKFZ6qvyeGJJByEHi6MyCqK+e9ifif10qUf+EMWRgnCkI6W+QnHKsITzLBbSaAKj7QhFDB9K2YdokgVOnkcjoEa/7lRVIvFa1ysXx7VqhcpXFk0QE6QifIQueogm5QFdUQRY/oGb2iN+PJeDHejY9Za8ZIZ/bRHxifPxVKl50=</latexit>

→p : ↑p↓ q↑2 ↔ r

<latexit sha1_base64="xNbTxtfgDoC/DyF4+jr7rv/Rki4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqJP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB3auM/w==</latexit>p

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r
<latexit sha1_base64="ZlwI/H8XLajTetbL7yznu5edJ80=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0wFS/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AJwVjW4=</latexit>cr

<latexit sha1_base64="gkW4Go+fSi8NVKOP8CErFdhuoms="></latexit>

Pr [output →q ↑ p̂→2 ↓ cr] ↔ 1↑ ω

<latexit sha1_base64="DPJzpGAUwQ9Mxi154YZzK2bE92o=">AAACA3icbVDLSgNBEJyNrxhfq970MhgEL4bdINFj0IvHCOYB2WWZnXSSIbOPzMwKYRPw4q948aCIV3/Cm3/jJNmDJhY0FFXddHf5MWdSWda3kVtZXVvfyG8WtrZ3dvfM/YOGjBJBoU4jHomWTyRwFkJdMcWhFQsggc+h6Q9upn7zAYRkUXivRjG4AemFrMsoUVryzCNnjIf4HDt9otJ4gp2xV3Y4DDEVnlm0StYMeJnYGSmiDDXP/HI6EU0CCBXlRMq2bcXKTYlQjHKYFJxEQkzogPSgrWlIApBuOvthgk+10sHdSOgKFZ6pvydSEkg5CnzdGRDVl4veVPzPayeqe+WmLIwTBSGdL+omHKsITwPBHSaAKj7ShFDB9K2Y9okgVOnYCjoEe/HlZdIol+xKqXJ3UaxeZ3Hk0TE6QWfIRpeoim5RDdURRY/oGb2iN+PJeDHejY95a87IZg7RHxifP0ablq0=</latexit>

→q ↑ p̂→2 ↓ cr



what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Randomized Divide-and-Conquer:

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Randomized Divide-and-Conquer:
<latexit sha1_base64="KrlY0TiJDwTfL7FbgW9Xv8cKWCc="></latexit>

T (n)  1

p1
· (1 + T (n · p2)) =

✓
1

p1

◆log1/p2
n

= nlog(1/p1)/ log(1/p2) = n⇢.

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Randomized Divide-and-Conquer:
<latexit sha1_base64="KrlY0TiJDwTfL7FbgW9Xv8cKWCc="></latexit>

T (n)  1

p1
· (1 + T (n · p2)) =

✓
1

p1

◆log1/p2
n

= nlog(1/p1)/ log(1/p2) = n⇢.

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Randomized Divide-and-Conquer:
<latexit sha1_base64="KrlY0TiJDwTfL7FbgW9Xv8cKWCc="></latexit>

T (n)  1

p1
· (1 + T (n · p2)) =

✓
1

p1

◆log1/p2
n

= nlog(1/p1)/ log(1/p2) = n⇢.

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Randomized Divide-and-Conquer:
<latexit sha1_base64="KrlY0TiJDwTfL7FbgW9Xv8cKWCc="></latexit>

T (n)  1

p1
· (1 + T (n · p2)) =

✓
1

p1

◆log1/p2
n

= nlog(1/p1)/ log(1/p2) = n⇢.

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="FuRqrV3nsqtVX98/CrlkGAADIKU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEWpSpLpQKLpxWcE+oAlhMp20QyeZMDMRSshHuPFX3LhQxK0Ld/6N0weorQcunDnnXube48eMSmVZX0ZuaXlldS2/XtjY3NreMXf3WpInApMm5oyLjo8kYTQiTUUVI51YEBT6jLT94fXYb98TISmP7tQoJm6I+hENKEZKS5557IgBh5fQ6QUC4dRhvF+yT2LPLmc/j2o5gxfQ9syiVbEmgIvEnpEimKHhmZ9Oj+MkJJHCDEnZta1YuSkSimJGsoKTSBIjPER90tU0QiGRbjo5KoNHWunBgAtdkYIT9fdEikIpR6GvO0OkBnLeG4v/ed1EBeduSqM4USTC04+ChEHF4Tgh2KOCYMVGmiAsqN4V4gHS6SidY0GHYM+fvEha1Ypdq9RuT4v1q1kceXAADkEJ2OAM1MENaIAmwOABPIEX8Go8Gs/Gm/E+bc0Zs5l98AfGxzfF8pwe</latexit>

⇢ =
log(1/p1)

log(1/p2)
< 1



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Randomized Divide-and-Conquer:
<latexit sha1_base64="KrlY0TiJDwTfL7FbgW9Xv8cKWCc="></latexit>

T (n)  1

p1
· (1 + T (n · p2)) =

✓
1

p1

◆log1/p2
n

= nlog(1/p1)/ log(1/p2) = n⇢.

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="YP5Slndorx4kpo+++ojbe+CRsps=">AAACOXicbVBNTxsxEPXSFmhaILRHLlYjpKBKYY0QcKmE6KXHIAggZcPK63gTC6+92LNIkeW/1Qv/ghsSFw5FFVf+AE7Iga8njfT83ow887JSCgtxfB3NfPj4aXZu/nPty9eFxaX68rcjqyvDeIdpqc1JRi2XQvEOCJD8pDScFpnkx9nZ77F/fMGNFVodwqjkvYIOlMgFoxCktN4+aKo 1nEh+jhVOWF/D+JFDEye5ocwR78qUeJwYMRjC2qlLpB6kjqwH2W1477Hy+BdWp478TMxQ+7TeiFvxBPgtIVPSQFO00/pV0tesKrgCJqm1XRKX0HPUgGCS+1pSWV5SdkYHvBuoogW3PTe53OPVoPRxrk0oBXiiPp9wtLB2VGShs6AwtK+9sfie160g3+k5ocoKuGJPH+WVxKDxOEbcF4YzkKNAKDMi7IrZkIbEIIRdCyGQ1ye/JUcbLbLV2trfbOzuTeOYRyvoB2oigrbRLvqD2qiDGPqLbtA/dBddRrfR/+j+qXUmms58Ry8QPTwCOtesEQ==</latexit>

S(n) → n ·
(

1

p1

)log1/p2
n

= n1+ω
<latexit sha1_base64="FuRqrV3nsqtVX98/CrlkGAADIKU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VoEWpSpLpQKLpxWcE+oAlhMp20QyeZMDMRSshHuPFX3LhQxK0Ld/6N0weorQcunDnnXube48eMSmVZX0ZuaXlldS2/XtjY3NreMXf3WpInApMm5oyLjo8kYTQiTUUVI51YEBT6jLT94fXYb98TISmP7tQoJm6I+hENKEZKS5557IgBh5fQ6QUC4dRhvF+yT2LPLmc/j2o5gxfQ9syiVbEmgIvEnpEimKHhmZ9Oj+MkJJHCDEnZta1YuSkSimJGsoKTSBIjPER90tU0QiGRbjo5KoNHWunBgAtdkYIT9fdEikIpR6GvO0OkBnLeG4v/ed1EBeduSqM4USTC04+ChEHF4Tgh2KOCYMVGmiAsqN4V4gHS6SidY0GHYM+fvEha1Ypdq9RuT4v1q1kceXAADkEJ2OAM1MENaIAmwOABPIEX8Go8Gs/Gm/E+bc0Zs5l98AfGxzfF8pwe</latexit>

⇢ =
log(1/p1)

log(1/p2)
< 1



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 
 

• Ex.             : random shifted interval of 
width       

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q<latexit sha1_base64="P4GArwQ3oaXEfJT4toixLcIzE8A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPQo2r</latexit>x1
<latexit sha1_base64="0qSiA+TXOQEOvRSqdJWQbG5jZ2U=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlqt3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEMaNrA==</latexit>x2

<latexit sha1_base64="u1EV/x24Wqu+jTBW+InFXQUbCys=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJRKrLohuXVewDmhgm09t26OTBzEQosQt/xY0LRdz6G+78GydtFlo9MHA4517umePHnEllWV9GYWFxaXmluFpaW9/Y3DK3d1oySgSFJo14JDo+kcBZCE3FFIdOLIAEPoe2P7rM/PY9CMmi8FaNY3ADMghZn1GitOSZexUnIGro++nN5M4+xg5w7tlHnlm2qtYU+C+xc1JGORqe+en0IpoEECrKiZRd24qVmxKhGOUwKTmJhJjQERlAV9OQBCDddJp/gg+10sP9SOgXKjxVf26kJJByHPh6Mgsr571M/M/rJqp/7qYsjBMFIZ0d6iccqwhnZeAeE0AVH2tCqGA6K6ZDIghVurKSLsGe//Jf0jqp2rVq7fq0XL/I6yiifXSAKshGZ6iOrlADNRFFD+gJvaBX49F4Nt6M99lowch3dtEvGB/fQqSU+w==</latexit>

(R1, `1)
<latexit sha1_base64="qMUa1we0LayqCJtp0Xfa2TR1xHc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDt8eM5g==</latexit>

W

<latexit sha1_base64="qMUa1we0LayqCJtp0Xfa2TR1xHc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDt8eM5g==</latexit>

W
<latexit sha1_base64="qMUa1we0LayqCJtp0Xfa2TR1xHc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDt8eM5g==</latexit>

W

<latexit sha1_base64="DXng/pdo9yRBWEqtj/FNFWMSK8I="></latexit>

log(1/p1)

log(1/p2)
=

log (1� r/W )

log (1� cr/W )
⇡ �r/W

�cr/W
=

1

c

<latexit sha1_base64="hjBLv5fy3stswXPEJgb3GZGjjxg="></latexit>

Pr
h→H

[h(x) = h(q)] = min

{
1→ |x→ q|

W
, 0

}



• Hash family       is                   -sensitive:


• for any                     ,


• for any                     , 

• Upper bounds:


• [Indyk-Motwani ’98]:                for all


• [Datar-Immorlica-Indyk-Mirrokni ’04]:              for 


• [Andoni-Indyk ’06]:                         for 

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="/CQOwy8uq0TcaAJSv+V2yCGyQRI=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFN11WsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gun97nfe6JKMykezSyhQYzHgkWMYGMlfxBjMyGYZ635sFpz6+4CaJ14BalBgfaw+jUYSZLGVBjCsda+5yYmyLAyjHA6rwxSTRNMpnhMfUsFjqkOskXkObqwyghFUtknDFqovzcyHGs9i0M7mUfUq14u/uf5qYlug4yJJDVUkOVHUcqRkSi/H42YosTwmSWYKGazIjLBChNjW6rYErzVk9dJ96ruNeqNh+ta866oowxncA6X4MENNKEFbegAAQnP8ApvjnFenHfnYzlacoqdU/gD5/MHfoORaQ==</latexit>

H
<latexit sha1_base64="ZxXl/Dz+7R8YyBryzq1DcdeFM7E=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpSkSHVZdOOygn1AG8JkOmmHTh7MTJQS+yluXCji1i9x5984abPQ1gN3OJxzL/fO8WLOpLKsb6Owtr6xuVXcLu3s7u0fmOXDjowSQWibRDwSPQ9LyllI24opTnuxoDjwOO16k5vM7z5QIVkU3qtpTJ0Aj0LmM4KVllyzXBXniOiKXTt76meuWbFq1hxoldg5qUCOlmt+DYYRSQIaKsKxlH3bipWTYqEY4XRWGiSSxphM8Ij2NQ1xQKWTzk+foVOtDJEfCV2hQnP190SKAymngac7A6zGctnLxP+8fqL8KydlYZwoGpLFIj/hSEUoywENmaBE8akmmAimb0VkjAUmSqdV0iHYy19eJZ16zW7UGncXleZ1HkcRjuEEqmDDJTThFlrQBgKP8Ayv8GY8GS/Gu/GxaC0Y+cwR/IHx+QPtfJHd</latexit>

(r, cr, p1, p2)

<latexit sha1_base64="a6NcJGE8v9UQllT59AtMEKi+kSE="></latexit>

Pr
h→H

[h(x) = h(q)] → p1
<latexit sha1_base64="qclKtmdVQxXmJCmtTQG4niKXLl8="></latexit>

Pr
h→H

[h(y) = h(q)] → p2

<latexit sha1_base64="Q6Ay/lwzq2KwafFM++xiVpUQN7I=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpIUqS6LblxWsA9oQphMJ+3QySSdmYghrb/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRuFtfWNza3idmlnd2//wDw8assoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH93M/M4DEZJG/F6lMXFDNOA0oBgpLXlm2ZnAR3gOx87Eq0GHkTEUnlmxqtYccJXYOamAHE3P/HL6EU5CwhVmSMqebcXKzZBQFDMyLTmJJDHCIzQgPU05Col0s/nxU3iqlT4MIqGLKzhXf09kKJQyDX3dGSI1lMveTPzP6yUquHIzyuNEEY4Xi4KEQRXBWRKwTwXBiqWaICyovhXiIRIIK51XSYdgL7+8Stq1ql2v1u8uKo3rPI4iOAYn4AzY4BI0wC1oghbAIAXP4BW8GU/Gi/FufCxaC0Y+UwZ/YHz+AJ19k3s=</latexit>

kx� qk2  r

<latexit sha1_base64="eQXaIJyTbIWWUYnUEOmbh1HY5f8=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4McwEiR6DXjxGMAtkhqGn05M06VnS3SPGSfBXvHhQxKv/4c2/sbMcNPFBweO9Kqrq+QlnUlnWt7G0vLK6tp7byG9ube/smnv7dRmngtAaiXksmj6WlLOI1hRTnDYTQXHoc9rwe9djv3FPhWRxdKcGCXVD3IlYwAhWWvLMQ2eIHtAZ6jtDr4ScDu0jIjyzYBWtCdAisWekADNUPfPLacckDWmkCMdStmwrUW6GhWKE01HeSSVNMOnhDm1pGuGQSjebXD9CJ1ppoyAWuiKFJurviQyHUg5CX3eGWHXlvDcW//NaqQou3YxFSapoRKaLgpQjFaNxFKjNBCWKDzTBRDB9KyJdLDBROrC8DsGef3mR1EtFu1ws354XKlezOHJwBMdwCjZcQAVuoAo1IPAIz/AKb8aT8WK8Gx/T1iVjNnMAf2B8/gBXCpPj</latexit>

kx� qk2 � cr

<latexit sha1_base64="cBxii+2r8jSBL1/zU1C7342xoQU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsNzUpUt0IRTcuK9gHNCFMppN2cJIJMxOhhHyCG3/FjQtF3Lp05984bQNq64ELZ865l7n3+DGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29juSJwKSNOeOi5yNJGI1IW1HFSC8WBIU+I13/7mrid++JkJRHt2ocEzdEw4gGFCOlJc88dsSIwwvoDAKBcOowPqzYJ7FnV7OfR72aeWbZqllTwEVi56QMcrQ889MZcJyEJFKYISn7thUrN0VCUcxIVnISSWKE79CQ9DWNUEikm04PyuCRVgYw4EJXpOBU/T2RolDKcejrzhCpkZz3JuJ/Xj9Rwbmb0ihOFInw7KMgYVBxOEkHDqggWLGxJggLqneFeIR0MkpnWNIh2PMnL5JOvWY3ao2b03LzMo+jCA7AIagAG5yBJrgGLdAGGDyAJ/ACXo1H49l4M95nrQUjn9kHf2B8fAP1LJtJ</latexit>

⇢ =
log(1/p1)

log(1/p2)

Quantity to optimize

<latexit sha1_base64="yqFKjYYsoicUtXcRlw4n16rd5qo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU90VqV6EohePFewHtkvJptk2NJssSVYoS/+FFw+KePXfePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H49vMbz9RpZkUD2YSUz/CQ8FCRrCx0mNPjSS6Rt4Z6ZcrbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns4ik6scoAhVLZEgbN1N8TKY60nkSB7YywGelFLxP/87qJCa/8lIk4MVSQ+aIw4chIlL2PBkxRYvjEEkwUs7ciMsIKE2NDKtkQvMWXl0nrvOrVqrX7i0r9Jo+jCEdwDKfgwSXU4Q4a0AQCAp7hFd4c7bw4787HvLXg5DOH8AfO5w/yWY/O</latexit>

⇢ = 1/c
<latexit sha1_base64="9pnvBRqXx7wL9SXTeTWo8IyTkx4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLosunFZxT4giWUymbRDJ5MwMxFK6Ae48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJhRqUzz2yisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS88VXm9x6IkDTid2oSEzdEQ04DipHS0qBcqTohUiPPS2+n934NOoSxQXxagzF0KIe2VWu4OmXWzRngMrFyUgE52oPyl+NHOAkJV5ghKW3LjJWbIqEoZmRachJJYoTHaEhsTTkKiXTT2TFTeKIVHwaR0I8rOFN/T6QolHISejqZbS4XvUz8z7MTFVy4KeVxogjH84+ChEEVwawZ6FNBsGITTRAWVO8K8QgJhJXur6RLsBZPXibdRt1q1ps3Z5XWZV5HERyBY1AFFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gCPNpll</latexit>

(Rd, `p), p 2 [1, 2]

<latexit sha1_base64="9h4NQjdG4ydTLj0Ip08ZLdrbgR0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe9EooVF0MYygvnA5Ah7m71kyd7usbsnhCP/wsZCEVv/jZ3/xr3kCk18MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfvuJKs2keDCTmPoRHgoWMoKNlR57aiTRNfLOSL9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nF0/RiVUGKJTKljBopv6eSHGk9SQKbGeEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoux9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2+vExa51WvVq3dX1TqN3kcRTiCYzgFDy6hDnfQgCYQEPAMr/DmaOfFeXc+5q0FJ585hD9wPn8A8NGPzQ==</latexit>

⇢ < 1/c
<latexit sha1_base64="JyiIZL6He1SgeN67BWsgxBv/EyQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJilSXRTcuq9gHNDFMJtN26GQSZiZCiV34K25cKOLW33Dn3zhps9DWAwOHc+7lnjl+zKhUlvVtFJaWV1bXiuuljc2t7R1zd68to0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90lfmdByIkjfidGsfEDdGA0z7FSGnJMw8qTojU0PfT28l9cAodwphXO/HMslW1poCLxM5JGeRoeuaXE0Q4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ05Sgk0k2n+SfwWCsB7EdCP67gVP29kaJQynHo68ksrJz3MvE/r5eo/oWbUh4ninA8O9RPGFQRzMqAARUEKzbWBGFBdVaIh0ggrHRlJV2CPf/lRdKuVe16tX5zVm5c5nUUwSE4AhVgg3PQANegCVoAg0fwDF7Bm/FkvBjvxsdstGDkO/vgD4zPH5NAlS8=</latexit>

(Rd, `2)

<latexit sha1_base64="9pnvBRqXx7wL9SXTeTWo8IyTkx4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLosunFZxT4giWUymbRDJ5MwMxFK6Ae48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJhRqUzz2yisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS88VXm9x6IkDTid2oSEzdEQ04DipHS0qBcqTohUiPPS2+n934NOoSxQXxagzF0KIe2VWu4OmXWzRngMrFyUgE52oPyl+NHOAkJV5ghKW3LjJWbIqEoZmRachJJYoTHaEhsTTkKiXTT2TFTeKIVHwaR0I8rOFN/T6QolHISejqZbS4XvUz8z7MTFVy4KeVxogjH84+ChEEVwawZ6FNBsGITTRAWVO8K8QgJhJXur6RLsBZPXibdRt1q1ps3Z5XWZV5HERyBY1AFFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gCPNpll</latexit>

(Rd, `p), p 2 [1, 2]
<latexit sha1_base64="2GorbInuDdh3XdF0sHYTr0nFDf0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQEWoiUt0IRTcuK9gHtDFMJpN26GQmzEyEEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtLSwuLa+sFtaK6xubW9v2zm5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxjcjP3WI5GKCn6vhwnxYtTjNKIYaSP59n5X9gW8gu4pfkjgCRR+WHaPfbvkVJwJ4Dxxc1ICOeq+/dUNBU5jwjVmSKmO6yTay5DUFDMyKnZTRRKEB6hHOoZyFBPlZZPzR/DIKCGMhDTFNZyovycyFCs1jAPTGSPdV7PeWPzP66Q6uvQyypNUE46ni6KUQS3gOAsYUkmwZkNDEJbU3ApxH0mEtUmsaEJwZ1+eJ82zilutVO/OS7XrPI4COACHoAxccAFq4BbUQQNgkIFn8ArerCfrxXq3PqatC1Y+swf+wPr8AaEZk1o=</latexit>

⇢ = 1/cp + od(1)



• Lower bounds:


• [Motwani-Naor-Panigrahy ’06]:


• [O’Donnell-Wu-Zhou ’09]:  

• Upper bounds:


• [Indyk-Motwani ’98]:                for all


• [Datar-Immorlica-Indyk-Mirrokni ’04]:              for 


• [Andoni-Indyk ’06]:                         for 

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="cBxii+2r8jSBL1/zU1C7342xoQU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsNzUpUt0IRTcuK9gHNCFMppN2cJIJMxOhhHyCG3/FjQtF3Lp05984bQNq64ELZ865l7n3+DGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29juSJwKSNOeOi5yNJGI1IW1HFSC8WBIU+I13/7mrid++JkJRHt2ocEzdEw4gGFCOlJc88dsSIwwvoDAKBcOowPqzYJ7FnV7OfR72aeWbZqllTwEVi56QMcrQ889MZcJyEJFKYISn7thUrN0VCUcxIVnISSWKE79CQ9DWNUEikm04PyuCRVgYw4EJXpOBU/T2RolDKcejrzhCpkZz3JuJ/Xj9Rwbmb0ihOFInw7KMgYVBxOEkHDqggWLGxJggLqneFeIR0MkpnWNIh2PMnL5JOvWY3ao2b03LzMo+jCA7AIagAG5yBJrgGLdAGGDyAJ/ACXo1H49l4M95nrQUjn9kHf2B8fAP1LJtJ</latexit>

⇢ =
log(1/p1)

log(1/p2)

Quantity to optimize

<latexit sha1_base64="yqFKjYYsoicUtXcRlw4n16rd5qo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU90VqV6EohePFewHtkvJptk2NJssSVYoS/+FFw+KePXfePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H49vMbz9RpZkUD2YSUz/CQ8FCRrCx0mNPjSS6Rt4Z6ZcrbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns4ik6scoAhVLZEgbN1N8TKY60nkSB7YywGelFLxP/87qJCa/8lIk4MVSQ+aIw4chIlL2PBkxRYvjEEkwUs7ciMsIKE2NDKtkQvMWXl0nrvOrVqrX7i0r9Jo+jCEdwDKfgwSXU4Q4a0AQCAp7hFd4c7bw4787HvLXg5DOH8AfO5w/yWY/O</latexit>

⇢ = 1/c

<latexit sha1_base64="9pnvBRqXx7wL9SXTeTWo8IyTkx4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLosunFZxT4giWUymbRDJ5MwMxFK6Ae48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJhRqUzz2yisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS88VXm9x6IkDTid2oSEzdEQ04DipHS0qBcqTohUiPPS2+n934NOoSxQXxagzF0KIe2VWu4OmXWzRngMrFyUgE52oPyl+NHOAkJV5ghKW3LjJWbIqEoZmRachJJYoTHaEhsTTkKiXTT2TFTeKIVHwaR0I8rOFN/T6QolHISejqZbS4XvUz8z7MTFVy4KeVxogjH84+ChEEVwawZ6FNBsGITTRAWVO8K8QgJhJXur6RLsBZPXibdRt1q1ps3Z5XWZV5HERyBY1AFFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gCPNpll</latexit>

(Rd, `p), p 2 [1, 2]

<latexit sha1_base64="9h4NQjdG4ydTLj0Ip08ZLdrbgR0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe9EooVF0MYygvnA5Ah7m71kyd7usbsnhCP/wsZCEVv/jZ3/xr3kCk18MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfvuJKs2keDCTmPoRHgoWMoKNlR57aiTRNfLOSL9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nF0/RiVUGKJTKljBopv6eSHGk9SQKbGeEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoux9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2+vExa51WvVq3dX1TqN3kcRTiCYzgFDy6hDnfQgCYQEPAMr/DmaOfFeXc+5q0FJ585hD9wPn8A8NGPzQ==</latexit>

⇢ < 1/c
<latexit sha1_base64="JyiIZL6He1SgeN67BWsgxBv/EyQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJilSXRTcuq9gHNDFMJtN26GQSZiZCiV34K25cKOLW33Dn3zhps9DWAwOHc+7lnjl+zKhUlvVtFJaWV1bXiuuljc2t7R1zd68to0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90lfmdByIkjfidGsfEDdGA0z7FSGnJMw8qTojU0PfT28l9cAodwphXO/HMslW1poCLxM5JGeRoeuaXE0Q4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ05Sgk0k2n+SfwWCsB7EdCP67gVP29kaJQynHo68ksrJz3MvE/r5eo/oWbUh4ninA8O9RPGFQRzMqAARUEKzbWBGFBdVaIh0ggrHRlJV2CPf/lRdKuVe16tX5zVm5c5nUUwSE4AhVgg3PQANegCVoAg0fwDF7Bm/FkvBjvxsdstGDkO/vgD4zPH5NAlS8=</latexit>

(Rd, `2)

<latexit sha1_base64="UJfYAZQoRU8utuqnKo/J32S8v7g=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIYp0pUl24KLpxWcE+oNOWTHqnDc08TDJCGeZn3PgrblxYRHDlr5i2A2rrgcDJOfeSnOOEnEllmp9GZml5ZXUtu57b2Nza3snv7tVlEAkKNRrwQDQdIoEzH2qKKQ7NUADxHA4NZ3gz8RuPICQL/Hs1CqHtkb7PXEaJ0lI3f2WLQYDtPjxg2xWExtCJrTPaCZNTK/m5nFgJtlWQzminNFG7+YJZNKfAi8RKSQGlqHbzY7sX0MgDX1FOpGxZZqjaMRGKUQ5Jzo4khIQOSR9amvrEA9mOpykTfKSVHnYDoY+v8FT9vRETT8qR5+hJj6iBnPcm4n9eK1LuZTtmfhgp8OnsITfiWOedVIZ7TABVfKQJoYLpv2I6ILoIpYvN6RKs+ciLpF4qWuVi+e68ULlO68iiA3SIjpGFLlAF3aIqqiGKntALekNj49l4Nd6Nj9loxkh39tEfGF/foZmkwQ==</latexit>

⇢ � e1/c
p � 1

e1/cp + 1
! 1

2cp
<latexit sha1_base64="IjTalmefLvgxkdFLCWBMxA+cCVM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoC0siUl0W3bisYB/QxDCZTNqhk0ycmQglZOvGX3HjQhG3/oE7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jdLS8srqWnm9srG5tb1j7u51JE8FJm3MGRc9H0nCaEzaiipGeokgKPIZ6fqjq4nffSBCUh7fqnFC3AgNYhpSjJSWPBM6YsihMyD30AkFwpmdZ/guyeEJ5F5Qs489s2rVrSngIrELUgUFWp755QQcpxGJFWZIyr5tJcrNkFAUM5JXnFSSBOERGpC+pjGKiHSz6Sc5PNJKAEMudMUKTtXfExmKpBxHvu6MkBrKeW8i/uf1UxVeuBmNk1SRGM8WhSmDisNJLDCggmDFxpogLKi+FeIh0oEoHV5Fh2DPv7xIOqd1u1Fv3JxVm5dFHGVwAA5BDdjgHDTBNWiBNsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHZ7KY3w==</latexit>

⇢ � 1

cp
� od(1)

<latexit sha1_base64="2GorbInuDdh3XdF0sHYTr0nFDf0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQEWoiUt0IRTcuK9gHtDFMJpN26GQmzEyEEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtLSwuLa+sFtaK6xubW9v2zm5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxjcjP3WI5GKCn6vhwnxYtTjNKIYaSP59n5X9gW8gu4pfkjgCRR+WHaPfbvkVJwJ4Dxxc1ICOeq+/dUNBU5jwjVmSKmO6yTay5DUFDMyKnZTRRKEB6hHOoZyFBPlZZPzR/DIKCGMhDTFNZyovycyFCs1jAPTGSPdV7PeWPzP66Q6uvQyypNUE46ni6KUQS3gOAsYUkmwZkNDEJbU3ApxH0mEtUmsaEJwZ1+eJ82zilutVO/OS7XrPI4COACHoAxccAFq4BbUQQNgkIFn8ArerCfrxXq3PqatC1Y+swf+wPr8AaEZk1o=</latexit>

⇢ = 1/cp + od(1)

<latexit sha1_base64="9pnvBRqXx7wL9SXTeTWo8IyTkx4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLosunFZxT4giWUymbRDJ5MwMxFK6Ae48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJhRqUzz2yisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS88VXm9x6IkDTid2oSEzdEQ04DipHS0qBcqTohUiPPS2+n934NOoSxQXxagzF0KIe2VWu4OmXWzRngMrFyUgE52oPyl+NHOAkJV5ghKW3LjJWbIqEoZmRachJJYoTHaEhsTTkKiXTT2TFTeKIVHwaR0I8rOFN/T6QolHISejqZbS4XvUz8z7MTFVy4KeVxogjH84+ChEEVwawZ6FNBsGITTRAWVO8K8QgJhJXur6RLsBZPXibdRt1q1ps3Z5XWZV5HERyBY1AFFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gCPNpll</latexit>

(Rd, `p), p 2 [1, 2]



• Lower bounds:


• [Motwani-Naor-Panigrahy ’06]:


• [O’Donnell-Wu-Zhou ’09]:  

• Upper bounds:


• [Indyk-Motwani ’98]:                for all


• [Datar-Immorlica-Indyk-Mirrokni ’04]:              for 


• [Andoni-Indyk ’06]:                         for 

what you need for randomized divide-and-conquer
LSH: Randomized Space Partitions

<latexit sha1_base64="cBxii+2r8jSBL1/zU1C7342xoQU=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0VsNzUpUt0IRTcuK9gHNCFMppN2cJIJMxOhhHyCG3/FjQtF3Lp05984bQNq64ELZ865l7n3+DGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29juSJwKSNOeOi5yNJGI1IW1HFSC8WBIU+I13/7mrid++JkJRHt2ocEzdEw4gGFCOlJc88dsSIwwvoDAKBcOowPqzYJ7FnV7OfR72aeWbZqllTwEVi56QMcrQ889MZcJyEJFKYISn7thUrN0VCUcxIVnISSWKE79CQ9DWNUEikm04PyuCRVgYw4EJXpOBU/T2RolDKcejrzhCpkZz3JuJ/Xj9Rwbmb0ihOFInw7KMgYVBxOEkHDqggWLGxJggLqneFeIR0MkpnWNIh2PMnL5JOvWY3ao2b03LzMo+jCA7AIagAG5yBJrgGLdAGGDyAJ/ACXo1H49l4M95nrQUjn9kHf2B8fAP1LJtJ</latexit>

⇢ =
log(1/p1)

log(1/p2)

Quantity to optimize

<latexit sha1_base64="yqFKjYYsoicUtXcRlw4n16rd5qo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU90VqV6EohePFewHtkvJptk2NJssSVYoS/+FFw+KePXfePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H49vMbz9RpZkUD2YSUz/CQ8FCRrCx0mNPjSS6Rt4Z6ZcrbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns4ik6scoAhVLZEgbN1N8TKY60nkSB7YywGelFLxP/87qJCa/8lIk4MVSQ+aIw4chIlL2PBkxRYvjEEkwUs7ciMsIKE2NDKtkQvMWXl0nrvOrVqrX7i0r9Jo+jCEdwDKfgwSXU4Q4a0AQCAp7hFd4c7bw4787HvLXg5DOH8AfO5w/yWY/O</latexit>

⇢ = 1/c

<latexit sha1_base64="9pnvBRqXx7wL9SXTeTWo8IyTkx4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLosunFZxT4giWUymbRDJ5MwMxFK6Ae48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJhRqUzz2yisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS88VXm9x6IkDTid2oSEzdEQ04DipHS0qBcqTohUiPPS2+n934NOoSxQXxagzF0KIe2VWu4OmXWzRngMrFyUgE52oPyl+NHOAkJV5ghKW3LjJWbIqEoZmRachJJYoTHaEhsTTkKiXTT2TFTeKIVHwaR0I8rOFN/T6QolHISejqZbS4XvUz8z7MTFVy4KeVxogjH84+ChEEVwawZ6FNBsGITTRAWVO8K8QgJhJXur6RLsBZPXibdRt1q1ps3Z5XWZV5HERyBY1AFFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gCPNpll</latexit>

(Rd, `p), p 2 [1, 2]

<latexit sha1_base64="9h4NQjdG4ydTLj0Ip08ZLdrbgR0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe9EooVF0MYygvnA5Ah7m71kyd7usbsnhCP/wsZCEVv/jZ3/xr3kCk18MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN9mfvuJKs2keDCTmPoRHgoWMoKNlR57aiTRNfLOSL9ccavuDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k9nF0/RiVUGKJTKljBopv6eSHGk9SQKbGeEzUgvepn4n9dNTHjlp0zEiaGCzBeFCUdGoux9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2+vExa51WvVq3dX1TqN3kcRTiCYzgFDy6hDnfQgCYQEPAMr/DmaOfFeXc+5q0FJ585hD9wPn8A8NGPzQ==</latexit>

⇢ < 1/c
<latexit sha1_base64="JyiIZL6He1SgeN67BWsgxBv/EyQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJilSXRTcuq9gHNDFMJtN26GQSZiZCiV34K25cKOLW33Dn3zhps9DWAwOHc+7lnjl+zKhUlvVtFJaWV1bXiuuljc2t7R1zd68to0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90lfmdByIkjfidGsfEDdGA0z7FSGnJMw8qTojU0PfT28l9cAodwphXO/HMslW1poCLxM5JGeRoeuaXE0Q4CQlXmCEpe7YVKzdFQlHMyKTkJJLECI/QgPQ05Sgk0k2n+SfwWCsB7EdCP67gVP29kaJQynHo68ksrJz3MvE/r5eo/oWbUh4ninA8O9RPGFQRzMqAARUEKzbWBGFBdVaIh0ggrHRlJV2CPf/lRdKuVe16tX5zVm5c5nUUwSE4AhVgg3PQANegCVoAg0fwDF7Bm/FkvBjvxsdstGDkO/vgD4zPH5NAlS8=</latexit>

(Rd, `2)

<latexit sha1_base64="UJfYAZQoRU8utuqnKo/J32S8v7g=">AAACJXicbVDLSgMxFM3UV62vqks3wSIIYp0pUl24KLpxWcE+oNOWTHqnDc08TDJCGeZn3PgrblxYRHDlr5i2A2rrgcDJOfeSnOOEnEllmp9GZml5ZXUtu57b2Nza3snv7tVlEAkKNRrwQDQdIoEzH2qKKQ7NUADxHA4NZ3gz8RuPICQL/Hs1CqHtkb7PXEaJ0lI3f2WLQYDtPjxg2xWExtCJrTPaCZNTK/m5nFgJtlWQzminNFG7+YJZNKfAi8RKSQGlqHbzY7sX0MgDX1FOpGxZZqjaMRGKUQ5Jzo4khIQOSR9amvrEA9mOpykTfKSVHnYDoY+v8FT9vRETT8qR5+hJj6iBnPcm4n9eK1LuZTtmfhgp8OnsITfiWOedVIZ7TABVfKQJoYLpv2I6ILoIpYvN6RKs+ciLpF4qWuVi+e68ULlO68iiA3SIjpGFLlAF3aIqqiGKntALekNj49l4Nd6Nj9loxkh39tEfGF/foZmkwQ==</latexit>

⇢ � e1/c
p � 1

e1/cp + 1
! 1

2cp
<latexit sha1_base64="IjTalmefLvgxkdFLCWBMxA+cCVM=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoC0siUl0W3bisYB/QxDCZTNqhk0ycmQglZOvGX3HjQhG3/oE7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jdLS8srqWnm9srG5tb1j7u51JE8FJm3MGRc9H0nCaEzaiipGeokgKPIZ6fqjq4nffSBCUh7fqnFC3AgNYhpSjJSWPBM6YsihMyD30AkFwpmdZ/guyeEJ5F5Qs489s2rVrSngIrELUgUFWp755QQcpxGJFWZIyr5tJcrNkFAUM5JXnFSSBOERGpC+pjGKiHSz6Sc5PNJKAEMudMUKTtXfExmKpBxHvu6MkBrKeW8i/uf1UxVeuBmNk1SRGM8WhSmDisNJLDCggmDFxpogLKi+FeIh0oEoHV5Fh2DPv7xIOqd1u1Fv3JxVm5dFHGVwAA5BDdjgHDTBNWiBNsDgETyDV/BmPBkvxrvxMWstGcXMPvgD4/MHZ7KY3w==</latexit>

⇢ � 1

cp
� od(1)

<latexit sha1_base64="2GorbInuDdh3XdF0sHYTr0nFDf0=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQEWoiUt0IRTcuK9gHtDFMJpN26GQmzEyEEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1BwqjSjvNtLSwuLa+sFtaK6xubW9v2zm5TiVRi0sCCCdkOkCKMctLQVDPSTiRBccBIKxjcjP3WI5GKCn6vhwnxYtTjNKIYaSP59n5X9gW8gu4pfkjgCRR+WHaPfbvkVJwJ4Dxxc1ICOeq+/dUNBU5jwjVmSKmO6yTay5DUFDMyKnZTRRKEB6hHOoZyFBPlZZPzR/DIKCGMhDTFNZyovycyFCs1jAPTGSPdV7PeWPzP66Q6uvQyypNUE46ni6KUQS3gOAsYUkmwZkNDEJbU3ApxH0mEtUmsaEJwZ1+eJ82zilutVO/OS7XrPI4COACHoAxccAFq4BbUQQNgkIFn8ArerCfrxXq3PqatC1Y+swf+wPr8AaEZk1o=</latexit>

⇢ = 1/cp + od(1)

<latexit sha1_base64="9pnvBRqXx7wL9SXTeTWo8IyTkx4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0WoUEpSpLosunFZxT4giWUymbRDJ5MwMxFK6Ae48VfcuFDErR/gzr9x0mahrQcGDuecy9x7vJhRqUzz2yisrK6tbxQ3S1vbO7t75f2DrowSgUkHRywSfQ9JwignHUUVI/1YEBR6jPS88VXm9x6IkDTid2oSEzdEQ04DipHS0qBcqTohUiPPS2+n934NOoSxQXxagzF0KIe2VWu4OmXWzRngMrFyUgE52oPyl+NHOAkJV5ghKW3LjJWbIqEoZmRachJJYoTHaEhsTTkKiXTT2TFTeKIVHwaR0I8rOFN/T6QolHISejqZbS4XvUz8z7MTFVy4KeVxogjH84+ChEEVwawZ6FNBsGITTRAWVO8K8QgJhJXur6RLsBZPXibdRt1q1ps3Z5XWZV5HERyBY1AFFjgHLXAN2qADMHgEz+AVvBlPxovxbnzMowUjnzkEf2B8/gCPNpll</latexit>

(Rd, `p), p 2 [1, 2] Ex.:
<latexit sha1_base64="a5XA5B9qKSMa0GupH919eEWCl6U=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6kUoevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNSm+xr7XK5W9ijcDXiZ+TsqQo94rfXX7iqYxk5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcliZkJstm1E3zqlD6OlHYlLZ6pvycyEhszjkPXGRM7NIveVPzP66Q2ugoyLpPUMknni6JUYKvw9HXc55pRK8aOEKq5uxXTIdGEWhdQ0YXgL768TJrnFb9aqd5flGs3eRwFOIYTOAMfLqEGd1CHBlB4hGd4hTek0At6Rx/z1hWUzxzBH6DPH9asjgI=</latexit>

c = 10

Query time:
<latexit sha1_base64="BsNj4qjBsp4QLoxZZiJ1lHhyix0=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ4Krsi1WPRi8cK9gPatWTTbBuaza7JrFCW/gkvHhTx6t/x5r8xbfegrQ9CHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbG6x3HC/YgOlAgFo2iltnrI3IrrTXqlsv1nIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn832nZBTq/RJGGv7FJKZ+rsjo5Ex4yiwlRHFoVn0puJ/XifF8MrPhEpS5IrNB4WpJBiT6fGkLzRnKMeWUKaF3ZWwIdWUoY2oaEPwFk9eJs3ziletVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxhIeIZXeHMenRfn3fmYl644ec8R/IHz+QMOoI9Y</latexit>

n0.01

Space:
<latexit sha1_base64="JR8vz6yTYs9eGLicwqjRg65ME6E=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv3Adi3ZdNqGZrNLkhXK0n/hxYMiXv033vw3pu0etPVByOO9GWbmBbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pG8N+MY/ZAOJO9zRo2VHuRj6p25ZdebdIsl+89AlomXkRJkqHWLX51exJIQpWGCat323Nj4KVWGM4GTQifRGFM2ogNsWyppiNpPZxtPyIlVeqQfKfukITP1d0dKQ63HYWArQ2qGetGbiv957cT0r/yUyzgxKNl8UD8RxERkej7pcYXMiLEllCludyVsSBVlxoZUsCF4iycvk8Z52auUK3cXpep1FkcejuAYTsGDS6jCLdSgDgwkPMMrvDnaeXHenY95ac7Jeg7hD5zPH+iBj8g=</latexit>

n1+0.01



• Las Vegas LSH Algorithms:


• Guarantee correctness, running time in expectation.


• [Pagh ’16], [Ahle ’17], [Wei ‘19]


• Time-space tradeoffs:


• Use more space, faster query time


• [Kapralov ’15], [Becker-Ducas-Gama-Laarhoven ’16], [Christiani ’17], [Andoni-
Razenshteyn-Laarhoven-Waingarten ’17]


• Practical LSH Algorithms: [Andoni-Indyk-Laarhoven-Razenshteyn-Schmidt ’15, 
Aumuller, Christiani, Pagh, Vesterli ’19]

next steps and subsequent questions
LSH: Randomized Space Partitions



Exact, Accurate-approx, Constant-approx
The Landscape so Far…

Exact Algs
<latexit sha1_base64="9zac0zkkLDhUVoYJgg/b/89bieI=">AAAB9HicbVBNS8NAEJ34WetX1aOXYBHqpSQi1WPRi8cK/YI2ls120i7dbOLuplBCf4cXD4p49cd489+4bXPQ1gcDj/dmmJnnx5wp7Tjf1tr6xubWdm4nv7u3f3BYODpuqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90N/NbY5SKRaKuJzF6IRkIFjBKtJE88Zh260PUpNS/mPYKRafszGGvEjcjRchQ6xW+uv2IJiEKTTlRquM6sfZSIjWjHKf5bqIwJnREBtgxVJAQlZfOj57a50bp20EkTQltz9XfEykJlZqEvukMiR6qZW8m/ud1Eh3ceCkTcaJR0MWiIOG2juxZAnafSaSaTwwhVDJzq02HRBKqTU55E4K7/PIqaV6W3Uq58nBVrN5mceTgFM6gBC5cQxXuoQYNoPAEz/AKb9bYerHerY9F65qVzZzAH1ifP1GVkdI=</latexit>

n!(d) space, 
<latexit sha1_base64="Gvu89IeZWx20NdxeTCtrE95PyxI=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRahXsquSPVY9OLNCvYD2rVks2kbmk2WJCvUpb/EiwdFvPpTvPlvTNs9aOuDgcd7M8zMC2LOtHHdb2dldW19YzO3ld/e2d0rFPcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqtx6p0kyKezOOqR/hgWB9RrCxUq9YCB/S27J3OkFdLgfIKiW34s6AlomXkRJkqPeKX91QkiSiwhCOte54bmz8FCvDCKeTfDfRNMZkhAe0Y6nAEdV+Ojt8gk6sEqK+VLaEQTP190SKI63HUWA7I2yGetGbiv95ncT0L/2UiTgxVJD5on7CkZFomgIKmaLE8LElmChmb0VkiBUmxmaVtyF4iy8vk+ZZxatWqnfnpdpVFkcOjuAYyuDBBdTgBurQAAIJPMMrvDlPzovz7nzMW1ecbOYQ/sD5/AEpGpIj</latexit>

dO(1) log n time 

or, linear scan

-approx

space, 

time 

<latexit sha1_base64="7FFNFu4I5pFWhxCgKBEV/hEKqrc=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7ItVj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7Lm12v1h6tK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8vWRAA==</latexit>

(1 + ω) -approx

space, 

time 

<latexit sha1_base64="ExPOFqwgX7g7fJydxXWEELr0MCc=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqsH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4AyfeM8g==</latexit>c
<latexit sha1_base64="H/kQr/MputtD4n3DBfyZp++nVQc=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48V7AeksWw2m3bpZjfsboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tMEdoikkvVDbGmnAnaMsxw2k0VxUnIaScc3U79zhNVmknxYMYpDRI8ECxmBBsr+ZF4zL3znhrKSb9SdWvuDGiZeAWpQoFmv/LViyTJEioM4Vhr33NTE+RYGUY4nZR7maYpJiM8oL6lAidUB/ns5Ak6tUqEYqlsCYNm6u+JHCdaj5PQdibYDPWiNxX/8/zMxNdBzkSaGSrIfFGccWQkmv6PIqYoMXxsCSaK2VsRGWKFibEplW0I3uLLy6R9UfPqtfr9ZbVxU8RRgmM4gTPw4AoacAdNaAEBCc/wCm+OcV6cd+dj3rriFDNH8AfO5w8H3pEc</latexit>

dn1+ω

<latexit sha1_base64="GRMiMN/RP+1xBGDNPm+YamUeNWg=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME85BkDbOzk2TIPJaZWSEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8k6zOCrZMeYvmYdfVQTXqlsl/xZ0DLJMhJGXLUe6WvbqxIKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmB0/QqVNi1FfalbRopv6eyLAwZiwi1ymwHZpFbyr+53VS278KMyaT1FJJ5ov6KUdWoen3KGaaEsvHjmCimbsVkSHWmFiXUdGFECy+vEya55WgWqneXZRr13kcBTiGEziDAC6hBrdQhwYQEPAMr/Dmae/Fe/c+5q0rXj5zBH/gff4ALSKQrA==</latexit>

dnω

<latexit sha1_base64="K5zxiOcB9RHRDZNr5Qf1Xb92vOg=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqgShwljBwlgk+pCaqnJcp7XqOJF9g4ii7iz8CgsDCLHyA2z8DU6bAVqOZOvonHtln+PHgmtwnG9rZXVtfWOztFXe3tnd27cPDts6ShRlLRqJSHV9opngkrWAg2DdWDES+oJ1/Ml17nfumdI8kneQxqwfkpHkAacEjDSwK54aR9iDCDvmZg+QYaLxFNNc8rgMIB3YVafmzICXiVuQKirQHNhf3jCiScgkUEG07rlODP2MKOBUsGnZSzSLCZ2QEesZKknIdD+bZZniE6MMcRApcyTgmfp7IyOh1mnom8mQwFgvern4n9dLILjsZ1zGCTBJ5w8FicAmZ14MHnLFKIjUEEIVN3/FdEwUoWDqK5sS3MXIy6R9VnPrtfrtebVxVdRRQseogk6Riy5QA92gJmohih7RM3pFb9aT9WK9Wx/z0RWr2DlCf2B9/gBzwpoT</latexit>

ω → 0 as c → ↑

<latexit sha1_base64="BcNn/6ebaruUxX0qk2reeL0aKrc=">AAACIHicbVDLSgMxFM3UV62vqks3wSK0IHVGpHVZdOPOCvYBnVoymUwbmkmGJCMMQz/Fjb/ixoUiutOvMW1nodUDgcM595J7jhcxqrRtf1q5peWV1bX8emFjc2t7p7i711Yilpi0sGBCdj2kCKOctDTVjHQjSVDoMdLxxpdTv3NPpKKC3+okIv0QDTkNKEbaSINiveycuCRSlAleuUuvy35lAl0mhpBDVwvohkiPZJhGgiWTsn+ceZVBsWRX7RngX+JkpAQyNAfFD9cXOA4J15ghpXqOHel+iqSmmJFJwY0ViRAeoyHpGcpRSFQ/nQWcwCOj+DAQ0jyu4Uz9uZGiUKkk9Mzk9F616E3F/7xerIPzfkp5FGvC8fyjIGbQJJ+2BX0qCdYsMQRhSc2tEI+QRFibTgumBGcx8l/SPq06tWrt5qzUuMjqyIMDcAjKwAF10ABXoAlaAIMH8ARewKv1aD1bb9b7fDRnZTv74Besr29DmaHW</latexit>

(1/ω)O(d) log n → poly(d, log n)

<latexit sha1_base64="On7iLpKf5iwf1t3/l1lPij+ia48="></latexit>

n!(d) → n · (d/ω)O(d) → n · (1/ω)O(d) → (nd)O(1/ω2)



• LSH Recursion:                                         


• possible tradeoffs between                  run into lbs. 


• [O’Donnell-Wu-Zhou ’09] instances are very structured (contain dense region)

or is that all there is.
Beyond LSH?

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

<latexit sha1_base64="5tJVoCDFN0nv/sueUs5xHvJlpHA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIi1WXRjcsK9gFtCJPppB06mYSZm2INxV9x40IRt/6HO//GaZuFth64cDjnXu69J0gE1+A439bK6tr6xmZhq7i9s7u3bx8cNnWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw5up3xoxpXks72GcMC8ifclDTgkYybePE9/FXWAPkOGRLuMJTvyKb5ecsjMDXiZuTkooR923v7q9mKYRk0AF0brjOgl4GVHAqWCTYjfVLCF0SPqsY6gkEdNeNrt+gs+M0sNhrExJwDP190RGIq3HUWA6IwIDvehNxf+8TgrhlZdxmaTAJJ0vClOBIcbTKHCPK0ZBjA0hVHFzK6YDoggFE1jRhOAuvrxMmpWyWy1X7y5Ktes8jgI6QafoHLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MW9dsfKZI/QH1ucP0UaULw==</latexit>p1 vs. p2



• LSH Recursion:                                         


• possible tradeoffs between                  run into lbs. 


• [O’Donnell-Wu-Zhou ’09] instances are very structured (contain dense region) 

• Idea: During preprocessing, identify special structure + adapt to it!

or is that all there is.
Beyond LSH?

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

<latexit sha1_base64="5tJVoCDFN0nv/sueUs5xHvJlpHA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIi1WXRjcsK9gFtCJPppB06mYSZm2INxV9x40IRt/6HO//GaZuFth64cDjnXu69J0gE1+A439bK6tr6xmZhq7i9s7u3bx8cNnWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw5up3xoxpXks72GcMC8ifclDTgkYybePE9/FXWAPkOGRLuMJTvyKb5ecsjMDXiZuTkooR923v7q9mKYRk0AF0brjOgl4GVHAqWCTYjfVLCF0SPqsY6gkEdNeNrt+gs+M0sNhrExJwDP190RGIq3HUWA6IwIDvehNxf+8TgrhlZdxmaTAJJ0vClOBIcbTKHCPK0ZBjA0hVHFzK6YDoggFE1jRhOAuvrxMmpWyWy1X7y5Ktes8jgI6QafoHLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MW9dsfKZI/QH1ucP0UaULw==</latexit>p1 vs. p2



• LSH Recursion:                                         


• possible tradeoffs between                  run into lbs. 


• [O’Donnell-Wu-Zhou ’09] instances are very structured (contain dense region) 

• [Andoni-Indyk-Nguyen-Razenshteyn ’14]:


• [Andoni-Razenshteyn ’15]:  

or is that all there is.
Beyond LSH?

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

<latexit sha1_base64="5tJVoCDFN0nv/sueUs5xHvJlpHA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIi1WXRjcsK9gFtCJPppB06mYSZm2INxV9x40IRt/6HO//GaZuFth64cDjnXu69J0gE1+A439bK6tr6xmZhq7i9s7u3bx8cNnWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw5up3xoxpXks72GcMC8ifclDTgkYybePE9/FXWAPkOGRLuMJTvyKb5ecsjMDXiZuTkooR923v7q9mKYRk0AF0brjOgl4GVHAqWCTYjfVLCF0SPqsY6gkEdNeNrt+gs+M0sNhrExJwDP190RGIq3HUWA6IwIDvehNxf+8TgrhlZdxmaTAJJ0vClOBIcbTKHCPK0ZBjA0hVHFzK6YDoggFE1jRhOAuvrxMmpWyWy1X7y5Ktes8jgI6QafoHLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MW9dsfKZI/QH1ucP0UaULw==</latexit>p1 vs. p2

<latexit sha1_base64="nmY3Ev1znOanHEkxoMmuCFEsQlg=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwgzPEAEuiG5eYyCNhRtIpHWjotGPbMZIJv+LGhca49Ufc+TcWmIWCJ7nJyTn35t57gphRpR3n21pb39jc2s7t5Hf39g8O7aNCW4lEYtLCggnZDZAijHLS0lQz0o0lQVHASCcYX8/8ziORigp+pycx8SM05DSkGGkj9e2CJ0cCeow8wNpFqY7vK+d9u+iUnTngKnEzUgQZmn37yxsInESEa8yQUj3XibWfIqkpZmSa9xJFYoTHaEh6hnIUEeWn89un8MwoAxgKaYprOFd/T6QoUmoSBaYzQnqklr2Z+J/XS3RY91PK40QTjheLwoRBLeAsCDigkmDNJoYgLKm5FeIRkghrE1fehOAuv7xK2pWyWy1Xby+Ljassjhw4AaegBFxQAw1wA5qgBTB4As/gFbxZU+vFerc+Fq1rVjZzDP7A+vwBgSmSzw==</latexit>

⇢  7/(8c2)
<latexit sha1_base64="LJyFSqWgg2x/fDVkOw7e81W4TNY=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoC+tMkeqy6MZlBfuAzlgyaaYNzSRjkhHqUPwVNy4Ucet/uPNvTNtZaOuBC4dz7uXee4KYUaUd59taWFxaXlnNreXXNza3tu2d3YYSicSkjgUTshUgRRjlpK6pZqQVS4KigJFmMLga+80HIhUV/FYPY+JHqMdpSDHSRurY+57sC+gxcg/d02IZ35VP3OOOXXBKzgRwnrgZKYAMtY795XUFTiLCNWZIqbbrxNpPkdQUMzLKe4kiMcID1CNtQzmKiPLTyfUjeGSULgyFNMU1nKi/J1IUKTWMAtMZId1Xs95Y/M9rJzq88FPK40QTjqeLwoRBLeA4CtilkmDNhoYgLKm5FeI+kghrE1jehODOvjxPGuWSWylVbs4K1cssjhw4AIegCFxwDqrgGtRAHWDwCJ7BK3iznqwX6936mLYuWNnMHvgD6/MHUnWTNQ==</latexit>

⇢  1/(2c2 � 1)



• LSH Recursion:                                         


• possible tradeoffs between                  run into lbs. 


• [O’Donnell-Wu-Zhou ’09] instances are very structured (contain dense region) 

• [Andoni-Indyk-Nguyen-Razenshteyn ’14]:


• [Andoni-Razenshteyn ’15]:   
 

or is that all there is.
Beyond LSH?

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

<latexit sha1_base64="5tJVoCDFN0nv/sueUs5xHvJlpHA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIi1WXRjcsK9gFtCJPppB06mYSZm2INxV9x40IRt/6HO//GaZuFth64cDjnXu69J0gE1+A439bK6tr6xmZhq7i9s7u3bx8cNnWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw5up3xoxpXks72GcMC8ifclDTgkYybePE9/FXWAPkOGRLuMJTvyKb5ecsjMDXiZuTkooR923v7q9mKYRk0AF0brjOgl4GVHAqWCTYjfVLCF0SPqsY6gkEdNeNrt+gs+M0sNhrExJwDP190RGIq3HUWA6IwIDvehNxf+8TgrhlZdxmaTAJJ0vClOBIcbTKHCPK0ZBjA0hVHFzK6YDoggFE1jRhOAuvrxMmpWyWy1X7y5Ktes8jgI6QafoHLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MW9dsfKZI/QH1ucP0UaULw==</latexit>p1 vs. p2

<latexit sha1_base64="nmY3Ev1znOanHEkxoMmuCFEsQlg=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwgzPEAEuiG5eYyCNhRtIpHWjotGPbMZIJv+LGhca49Ufc+TcWmIWCJ7nJyTn35t57gphRpR3n21pb39jc2s7t5Hf39g8O7aNCW4lEYtLCggnZDZAijHLS0lQz0o0lQVHASCcYX8/8ziORigp+pycx8SM05DSkGGkj9e2CJ0cCeow8wNpFqY7vK+d9u+iUnTngKnEzUgQZmn37yxsInESEa8yQUj3XibWfIqkpZmSa9xJFYoTHaEh6hnIUEeWn89un8MwoAxgKaYprOFd/T6QoUmoSBaYzQnqklr2Z+J/XS3RY91PK40QTjheLwoRBLeAsCDigkmDNJoYgLKm5FeIRkghrE1fehOAuv7xK2pWyWy1Xby+Ljassjhw4AaegBFxQAw1wA5qgBTB4As/gFbxZU+vFerc+Fq1rVjZzDP7A+vwBgSmSzw==</latexit>

⇢  7/(8c2)
<latexit sha1_base64="LJyFSqWgg2x/fDVkOw7e81W4TNY=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoC+tMkeqy6MZlBfuAzlgyaaYNzSRjkhHqUPwVNy4Ucet/uPNvTNtZaOuBC4dz7uXee4KYUaUd59taWFxaXlnNreXXNza3tu2d3YYSicSkjgUTshUgRRjlpK6pZqQVS4KigJFmMLga+80HIhUV/FYPY+JHqMdpSDHSRurY+57sC+gxcg/d02IZ35VP3OOOXXBKzgRwnrgZKYAMtY795XUFTiLCNWZIqbbrxNpPkdQUMzLKe4kiMcID1CNtQzmKiPLTyfUjeGSULgyFNMU1nKi/J1IUKTWMAtMZId1Xs95Y/M9rJzq88FPK40QTjqeLwoRBLeA4CtilkmDNhoYgLKm5FeI+kghrE1jehODOvjxPGuWSWylVbs4K1cssjhw4AIegCFxwDqrgGtRAHWDwCJ7BK3iznqwX6936mLYuWNnMHvgD6/MHUnWTNQ==</latexit>

⇢  1/(2c2 � 1)

<latexit sha1_base64="Fts9WF1vUPbsPo9YTZ711PvJ/3g=">AAACC3icbVDLSsNAFL2pr1pfUZduhhbBjSUpUl0W3bisYB/QxDKZTtqhkwczE6GE7N34K25cKOLWH3Dn3zhtg2jrgYHDOfdy5xwv5kwqy/oyCiura+sbxc3S1vbO7p65f9CWUSIIbZGIR6LrYUk5C2lLMcVpNxYUBx6nHW98NfU791RIFoW3ahJTN8DDkPmMYKWlvll2fIFJamcpuatlyFER+lFqWjq1s75ZsarWDGiZ2DmpQI5m3/x0BhFJAhoqwrGUPduKlZtioRjhNCs5iaQxJmM8pD1NQxxQ6aazLBk61soA+ZHQL1Ropv7eSHEg5STw9GSA1UguelPxP6+XKP/CTVkYJ4qGZH7ITzjSiafFoAETlCg+0QQTwfRfERlhXYXS9ZV0CfZi5GXSrlXterV+c1ZpXOZ1FOEIynACNpxDA66hCS0g8ABP8AKvxqPxbLwZ7/PRgpHvHMIfGB/fsHmaMQ==</latexit>

1

c2
→ 1

2c2 ↑ 1



• LSH Recursion:                                         


• possible tradeoffs between                  run into lbs. 


• [O’Donnell-Wu-Zhou ’09] instances are very structured (contain dense region) 

• [Andoni-Indyk-Nguyen-Razenshteyn ’14]:


• [Andoni-Razenshteyn ’15]:   
 

• For                       ,                       for unstructured instance.

or is that all there is.
Beyond LSH?

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

<latexit sha1_base64="5tJVoCDFN0nv/sueUs5xHvJlpHA=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIi1WXRjcsK9gFtCJPppB06mYSZm2INxV9x40IRt/6HO//GaZuFth64cDjnXu69J0gE1+A439bK6tr6xmZhq7i9s7u3bx8cNnWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw5up3xoxpXks72GcMC8ifclDTgkYybePE9/FXWAPkOGRLuMJTvyKb5ecsjMDXiZuTkooR923v7q9mKYRk0AF0brjOgl4GVHAqWCTYjfVLCF0SPqsY6gkEdNeNrt+gs+M0sNhrExJwDP190RGIq3HUWA6IwIDvehNxf+8TgrhlZdxmaTAJJ0vClOBIcbTKHCPK0ZBjA0hVHFzK6YDoggFE1jRhOAuvrxMmpWyWy1X7y5Ktes8jgI6QafoHLnoEtXQLaqjBqLoET2jV/RmPVkv1rv1MW9dsfKZI/QH1ucP0UaULw==</latexit>p1 vs. p2

<latexit sha1_base64="nmY3Ev1znOanHEkxoMmuCFEsQlg=">AAAB+3icbVDLTgIxFO34RHyNuHTTSExwgzPEAEuiG5eYyCNhRtIpHWjotGPbMZIJv+LGhca49Ufc+TcWmIWCJ7nJyTn35t57gphRpR3n21pb39jc2s7t5Hf39g8O7aNCW4lEYtLCggnZDZAijHLS0lQz0o0lQVHASCcYX8/8ziORigp+pycx8SM05DSkGGkj9e2CJ0cCeow8wNpFqY7vK+d9u+iUnTngKnEzUgQZmn37yxsInESEa8yQUj3XibWfIqkpZmSa9xJFYoTHaEh6hnIUEeWn89un8MwoAxgKaYprOFd/T6QoUmoSBaYzQnqklr2Z+J/XS3RY91PK40QTjheLwoRBLeAsCDigkmDNJoYgLKm5FeIRkghrE1fehOAuv7xK2pWyWy1Xby+Ljassjhw4AaegBFxQAw1wA5qgBTB4As/gFbxZU+vFerc+Fq1rVjZzDP7A+vwBgSmSzw==</latexit>

⇢  7/(8c2)
<latexit sha1_base64="LJyFSqWgg2x/fDVkOw7e81W4TNY=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWoC+tMkeqy6MZlBfuAzlgyaaYNzSRjkhHqUPwVNy4Ucet/uPNvTNtZaOuBC4dz7uXee4KYUaUd59taWFxaXlnNreXXNza3tu2d3YYSicSkjgUTshUgRRjlpK6pZqQVS4KigJFmMLga+80HIhUV/FYPY+JHqMdpSDHSRurY+57sC+gxcg/d02IZ35VP3OOOXXBKzgRwnrgZKYAMtY795XUFTiLCNWZIqbbrxNpPkdQUMzLKe4kiMcID1CNtQzmKiPLTyfUjeGSULgyFNMU1nKi/J1IUKTWMAtMZId1Xs95Y/M9rJzq88FPK40QTjqeLwoRBLeA4CtilkmDNhoYgLKm5FeI+kghrE1jehODOvjxPGuWSWylVbs4K1cssjhw4AIegCFxwDqrgGtRAHWDwCJ7BK3iznqwX6936mLYuWNnMHvgD6/MHUnWTNQ==</latexit>

⇢  1/(2c2 � 1)

<latexit sha1_base64="tTCoxn+oi7QRa1I+wWRrVFoK2o0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyURqW6EohuXFewDmlAmk0k6dDITZiZiCf0VNy4UceuPuPNvnLZZaOuBC4dz7uXee4KUUaUd59sqra1vbG6Vtys7u3v7B/ZhtatEJjHpYMGE7AdIEUY56WiqGemnkqAkYKQXjG9nfu+RSEUFf9CTlPgJijmNKEbaSEO7GsJr6ImExKjuMRFDfja0a07DmQOuErcgNVCgPbS/vFDgLCFcY4aUGrhOqv0cSU0xI9OKlymSIjxGMRkYylFClJ/Pb5/CU6OEMBLSFNdwrv6eyFGi1CQJTGeC9EgtezPxP2+Q6ejKzylPM004XiyKMga1gLMgYEglwZpNDEFYUnMrxCMkEdYmrooJwV1+eZV0zxtus9G8v6i1boo4yuAYnIA6cMElaIE70AYdgMETeAav4M2aWi/Wu/WxaC1ZxcwR+APr8wcMi5Mt</latexit>

d = !(log n)

<latexit sha1_base64="J67FzmLLQYCFr2563Ke93siKFJs=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpIUqS6LblxWsA9oYplMJ+3QyUycmQglZOXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r0niBlV2nG+rcLS8srqWnG9tLG5tb1j7+61lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPR1cRvPxCpqOC3ehwTP0IDTkOKkTZSzz705FBAb0DuoRdKhFM3S6v4rgpPoZvBnl12Ks4UcJG4OSmDHI2e/eX1BU4iwjVmSKmu68TaT5HUFDOSlbxEkRjhERqQrqEcRUT56fSNDB4bpQ9DIU1xDafq74kURUqNo8B0RkgP1bw3Ef/zuokOL/yU8jjRhOPZojBhUAs4yQT2qSRYs7EhCEtqboV4iEwa2iRXMiG48y8vkla14tYqtZuzcv0yj6MIDsAROAEuOAd1cA0aoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8Aaetl1I=</latexit>

⇢ � 1

2c2 � 1

<latexit sha1_base64="Fts9WF1vUPbsPo9YTZ711PvJ/3g=">AAACC3icbVDLSsNAFL2pr1pfUZduhhbBjSUpUl0W3bisYB/QxDKZTtqhkwczE6GE7N34K25cKOLWH3Dn3zhtg2jrgYHDOfdy5xwv5kwqy/oyCiura+sbxc3S1vbO7p65f9CWUSIIbZGIR6LrYUk5C2lLMcVpNxYUBx6nHW98NfU791RIFoW3ahJTN8DDkPmMYKWlvll2fIFJamcpuatlyFER+lFqWjq1s75ZsarWDGiZ2DmpQI5m3/x0BhFJAhoqwrGUPduKlZtioRjhNCs5iaQxJmM8pD1NQxxQ6aazLBk61soA+ZHQL1Ropv7eSHEg5STw9GSA1UguelPxP6+XKP/CTVkYJ4qGZH7ITzjSiafFoAETlCg+0QQTwfRfERlhXYXS9ZV0CfZi5GXSrlXterV+c1ZpXOZ1FOEIynACNpxDA66hCS0g8ABP8AKvxqPxbLwZ7/PRgpHvHMIfGB/fsHmaMQ==</latexit>

1

c2
→ 1

2c2 ↑ 1



• LSH Recursion:                                          
 
 
 
 

what can one ‘adapt’ to.
The Twist on LSH

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))



• LSH Recursion:                                          
 
 
 
 

what can one ‘adapt’ to.
The Twist on LSH

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

amplifying success prb

for unknown query.

size of recursive dataset



• LSH Recursion:                                          
 
 
 
 

• Data-Dependent LSH:


• For any 


•

what can one ‘adapt’ to.
The Twist on LSH

<latexit sha1_base64="oeH2uEU+7caKob7I+k9btORMaTc=">AAACIXicbVDLSsNAFJ34tr6iLt0MFqFFKEmR2qXoxqVCX9CUMJlO2qGTSZy5EUror7jxV9y4UMSd+DNO2i609cDA4ZxzuXNPkAiuwXG+rJXVtfWNza3tws7u3v6BfXjU0nGqKGvSWMSqExDNBJesCRwE6ySKkSgQrB2MbnK//ciU5rFswDhhvYgMJA85JWAk3643SrKMPcEesBcqQjN3kiW+O8Ee7ceQGyGUXHyOG6XEr+I8q/hgCGXfLjoVZwq8TNw5KaI57nz70+vHNI2YBCqI1l3XSaCXEQWcCjYpeKlmCaEjMmBdQyWJmO5l0wsn+MwofRzGyjwJeKr+nshIpPU4CkwyIjDUi14u/ud1UwjrvYzLJAUm6WxRmAoMMc7rwn2uGAUxNoRQxc1fMR0SUxSYUgumBHfx5GXSqlbcWqV2f1G8up7XsYVO0CkqIRddoit0i+5QE1H0hF7QG3q3nq1X68P6nEVXrPnMMfoD6/sHCumg+A==</latexit>

T (n)  1

p1
· (1 + T (p2n))

amplifying success prb

for unknown query.

size of recursive dataset

<latexit sha1_base64="oyMHMxDBT2kRavNMp0MLjyech2Q="></latexit>

x 2 P, q 2 Rd s.t kx� qk2  r, Pr
h⇠H(P )

[h(x) = h(q)] � p1
<latexit sha1_base64="IuptIACEhFIogcD+K3+HGUwDyow="></latexit>

E
x1,x2⇠P


Pr

h⇠H(P )
[h(x2) = h(x1)]

�
 p2



the “data-dependent” approach
Finding Structure in Arbitrary Datasets



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-LSH. Up to factor-2, easiest structure to handle is a dense ball. 



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-LSH. Up to factor-2, easiest structure to handle is a dense ball.


• Thm [Andoni-Naor-Nikolov-Razenshteyn-Waingarten ’18]: For all                      , 


• Either there is an     -ball of radius                 with half of the points.


• Or, there is an LSH for approx.             with                                     . 

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="OSHu3nChYO1pxcpyD4fEh0PqLqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeT/rlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AJgqjyk=</latexit>

`p
<latexit sha1_base64="2kNuNV1xVTSmfKvKoZsASfyKjZk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuqkzItVl0Y07K9gHdIaSyaRtaCYJSUYoQ8FfceNCEbd+hzv/xrSdhVYPXDiccy/33hNJRrXxvC+nsLS8srpWXC9tbG5t77i7ey0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqe+u0HojQV/N6MJQkTNOC0TzEyVuq5B7cVeRoQqSkT/AQGOBYGqp5b9qreDPAv8XNSBjkaPfcziAVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x2/gQeWyWGfaFscQNn6s+JDCVaj5PIdibIDPWiNxX/87qp6V+GGeUyNYTj+aJ+yqARcJoFjKki2LCxJQgram+FeIgUwsYmVrIh+Isv/yWts6pfq9buzsv1qzyOIjgER6ACfHAB6uAGNEATYJCBJ/ACXp1H59l5c97nrQUnn9kHv+B8fAPo2ZTV</latexit>

O(p/✏) · r
<latexit sha1_base64="0wzCcxyV+X4aASbR/rFKhgFFs/Q=">AAACEHicbVDLTgIxFO3gC/GFunTTSIywgRli0CXRjUtM5JEwhHTKHWjoPGw7JmTCJ7jxV9y40Bi3Lt35N3ZgYhQ8SZPTc85Ne48TciaVaX4ZmZXVtfWN7GZua3tndy+/f9CSQSQoNGnAA9FxiATOfGgqpjh0QgHEczi0nfFV4rfvQUgW+LdqEkLPI0OfuYwSpaV+/tTmwbBoVcK+VcIV/HOrljSHO2xDKBlPkgWzbM6Al4mVkgJK0ejnP+1BQCMPfEU5kbJrmaHqxUQoRjlMc3YkISR0TIbQ1dQnHshePFtoik+0MsBuIPTxFZ6pvydi4kk58Ryd9IgayUUvEf/zupFyL3ox88NIgU/nD7kRxyrASTt4wARQxSeaECqY/iumIyIIVbrDnC7BWlx5mbSqZatWrt2cFeqXaR1ZdISOURFZ6BzV0TVqoCai6AE9oRf0ajwaz8ab8T6PZox05hD9gfHxDZ2hmn4=</latexit>

log(1/p1)/ log(1/p2)  ✏
<latexit sha1_base64="Nj+p3eHFXcBl0soP8sJtppmKwgA=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe6KVI9FL96sYD+gXUo2nW1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzAsmZNq777aysrq1vbOa28ts7u3v7hYPDho4TRaFOYx6rVkA0cCagbpjh0JIKSBRwaAbD26nfHIHSLBaPZizBj0hfsJBRYqzk35fkeQekZjwWZ91C0S27M+Bl4mWkiDLUuoWvTi+mSQTCUE60bnuuNH5KlGGUwyTfSTRIQoekD21LBYlA++ns6Ak+tUoPh7GyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UyZkYkDQ+aIw4djEeJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdmrlCsPl8XqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AH7lJGc</latexit>

O(p/ ! )



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-LSH. Up to factor-2, easiest structure to handle is a dense ball.


• Thm [Andoni-Naor-Nikolov-Razenshteyn-Waingarten ’18]: For all                      , 


• Either there is an     -ball of radius                 with half of the points.


• Or, there is an LSH for approx.             with                                     . 

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="OSHu3nChYO1pxcpyD4fEh0PqLqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeT/rlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AJgqjyk=</latexit>

`p
<latexit sha1_base64="2kNuNV1xVTSmfKvKoZsASfyKjZk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuqkzItVl0Y07K9gHdIaSyaRtaCYJSUYoQ8FfceNCEbd+hzv/xrSdhVYPXDiccy/33hNJRrXxvC+nsLS8srpWXC9tbG5t77i7ey0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqe+u0HojQV/N6MJQkTNOC0TzEyVuq5B7cVeRoQqSkT/AQGOBYGqp5b9qreDPAv8XNSBjkaPfcziAVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x2/gQeWyWGfaFscQNn6s+JDCVaj5PIdibIDPWiNxX/87qp6V+GGeUyNYTj+aJ+yqARcJoFjKki2LCxJQgram+FeIgUwsYmVrIh+Isv/yWts6pfq9buzsv1qzyOIjgER6ACfHAB6uAGNEATYJCBJ/ACXp1H59l5c97nrQUnn9kHv+B8fAPo2ZTV</latexit>

O(p/✏) · r
<latexit sha1_base64="0wzCcxyV+X4aASbR/rFKhgFFs/Q=">AAACEHicbVDLTgIxFO3gC/GFunTTSIywgRli0CXRjUtM5JEwhHTKHWjoPGw7JmTCJ7jxV9y40Bi3Lt35N3ZgYhQ8SZPTc85Ne48TciaVaX4ZmZXVtfWN7GZua3tndy+/f9CSQSQoNGnAA9FxiATOfGgqpjh0QgHEczi0nfFV4rfvQUgW+LdqEkLPI0OfuYwSpaV+/tTmwbBoVcK+VcIV/HOrljSHO2xDKBlPkgWzbM6Al4mVkgJK0ejnP+1BQCMPfEU5kbJrmaHqxUQoRjlMc3YkISR0TIbQ1dQnHshePFtoik+0MsBuIPTxFZ6pvydi4kk58Ryd9IgayUUvEf/zupFyL3ox88NIgU/nD7kRxyrASTt4wARQxSeaECqY/iumIyIIVbrDnC7BWlx5mbSqZatWrt2cFeqXaR1ZdISOURFZ6BzV0TVqoCai6AE9oRf0ajwaz8ab8T6PZox05hD9gfHxDZ2hmn4=</latexit>

log(1/p1)/ log(1/p2)  ✏
<latexit sha1_base64="Nj+p3eHFXcBl0soP8sJtppmKwgA=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe6KVI9FL96sYD+gXUo2nW1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzAsmZNq777aysrq1vbOa28ts7u3v7hYPDho4TRaFOYx6rVkA0cCagbpjh0JIKSBRwaAbD26nfHIHSLBaPZizBj0hfsJBRYqzk35fkeQekZjwWZ91C0S27M+Bl4mWkiDLUuoWvTi+mSQTCUE60bnuuNH5KlGGUwyTfSTRIQoekD21LBYlA++ns6Ak+tUoPh7GyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UyZkYkDQ+aIw4djEeJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdmrlCsPl8XqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AH7lJGc</latexit>

O(p/ ! )

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!

<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!
<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-LSH. Up to factor-2, easiest structure to handle is a dense ball.


• Thm [Andoni-Naor-Nikolov-Razenshteyn-Waingarten ’18]: For all                      , 


• Either there is an     -ball of radius                 with half of the points.


• Or, there is an LSH for approx.             with                                     . 
 

• No Dense Ball             Sparse cuts of potential query-nn pairs. 

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="OSHu3nChYO1pxcpyD4fEh0PqLqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeT/rlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AJgqjyk=</latexit>

`p
<latexit sha1_base64="2kNuNV1xVTSmfKvKoZsASfyKjZk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuqkzItVl0Y07K9gHdIaSyaRtaCYJSUYoQ8FfceNCEbd+hzv/xrSdhVYPXDiccy/33hNJRrXxvC+nsLS8srpWXC9tbG5t77i7ey0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqe+u0HojQV/N6MJQkTNOC0TzEyVuq5B7cVeRoQqSkT/AQGOBYGqp5b9qreDPAv8XNSBjkaPfcziAVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x2/gQeWyWGfaFscQNn6s+JDCVaj5PIdibIDPWiNxX/87qp6V+GGeUyNYTj+aJ+yqARcJoFjKki2LCxJQgram+FeIgUwsYmVrIh+Isv/yWts6pfq9buzsv1qzyOIjgER6ACfHAB6uAGNEATYJCBJ/ACXp1H59l5c97nrQUnn9kHv+B8fAPo2ZTV</latexit>

O(p/✏) · r
<latexit sha1_base64="0wzCcxyV+X4aASbR/rFKhgFFs/Q=">AAACEHicbVDLTgIxFO3gC/GFunTTSIywgRli0CXRjUtM5JEwhHTKHWjoPGw7JmTCJ7jxV9y40Bi3Lt35N3ZgYhQ8SZPTc85Ne48TciaVaX4ZmZXVtfWN7GZua3tndy+/f9CSQSQoNGnAA9FxiATOfGgqpjh0QgHEczi0nfFV4rfvQUgW+LdqEkLPI0OfuYwSpaV+/tTmwbBoVcK+VcIV/HOrljSHO2xDKBlPkgWzbM6Al4mVkgJK0ejnP+1BQCMPfEU5kbJrmaHqxUQoRjlMc3YkISR0TIbQ1dQnHshePFtoik+0MsBuIPTxFZ6pvydi4kk58Ryd9IgayUUvEf/zupFyL3ox88NIgU/nD7kRxyrASTt4wARQxSeaECqY/iumIyIIVbrDnC7BWlx5mbSqZatWrt2cFeqXaR1ZdISOURFZ6BzV0TVqoCai6AE9oRf0ajwaz8ab8T6PZox05hD9gfHxDZ2hmn4=</latexit>

log(1/p1)/ log(1/p2)  ✏
<latexit sha1_base64="Nj+p3eHFXcBl0soP8sJtppmKwgA=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe6KVI9FL96sYD+gXUo2nW1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzAsmZNq777aysrq1vbOa28ts7u3v7hYPDho4TRaFOYx6rVkA0cCagbpjh0JIKSBRwaAbD26nfHIHSLBaPZizBj0hfsJBRYqzk35fkeQekZjwWZ91C0S27M+Bl4mWkiDLUuoWvTi+mSQTCUE60bnuuNH5KlGGUwyTfSTRIQoekD21LBYlA++ns6Ak+tUoPh7GyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UyZkYkDQ+aIw4djEeJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdmrlCsPl8XqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AH7lJGc</latexit>

O(p/ ! )

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!

<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!
<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-LSH. Up to factor-2, easiest structure to handle is a dense ball.


• Thm [Andoni-Naor-Nikolov-Razenshteyn-Waingarten ’18]: For all                      , 


• Either there is an     -ball of radius                 with half of the points.


• Or, there is an LSH for approx.             with                                     . 
 

• No Dense Ball             Sparse cuts of potential query-nn pairs. 

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="OSHu3nChYO1pxcpyD4fEh0PqLqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeT/rlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AJgqjyk=</latexit>

`p
<latexit sha1_base64="2kNuNV1xVTSmfKvKoZsASfyKjZk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuqkzItVl0Y07K9gHdIaSyaRtaCYJSUYoQ8FfceNCEbd+hzv/xrSdhVYPXDiccy/33hNJRrXxvC+nsLS8srpWXC9tbG5t77i7ey0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqe+u0HojQV/N6MJQkTNOC0TzEyVuq5B7cVeRoQqSkT/AQGOBYGqp5b9qreDPAv8XNSBjkaPfcziAVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x2/gQeWyWGfaFscQNn6s+JDCVaj5PIdibIDPWiNxX/87qp6V+GGeUyNYTj+aJ+yqARcJoFjKki2LCxJQgram+FeIgUwsYmVrIh+Isv/yWts6pfq9buzsv1qzyOIjgER6ACfHAB6uAGNEATYJCBJ/ACXp1H59l5c97nrQUnn9kHv+B8fAPo2ZTV</latexit>

O(p/✏) · r
<latexit sha1_base64="0wzCcxyV+X4aASbR/rFKhgFFs/Q=">AAACEHicbVDLTgIxFO3gC/GFunTTSIywgRli0CXRjUtM5JEwhHTKHWjoPGw7JmTCJ7jxV9y40Bi3Lt35N3ZgYhQ8SZPTc85Ne48TciaVaX4ZmZXVtfWN7GZua3tndy+/f9CSQSQoNGnAA9FxiATOfGgqpjh0QgHEczi0nfFV4rfvQUgW+LdqEkLPI0OfuYwSpaV+/tTmwbBoVcK+VcIV/HOrljSHO2xDKBlPkgWzbM6Al4mVkgJK0ejnP+1BQCMPfEU5kbJrmaHqxUQoRjlMc3YkISR0TIbQ1dQnHshePFtoik+0MsBuIPTxFZ6pvydi4kk58Ryd9IgayUUvEf/zupFyL3ox88NIgU/nD7kRxyrASTt4wARQxSeaECqY/iumIyIIVbrDnC7BWlx5mbSqZatWrt2cFeqXaR1ZdISOURFZ6BzV0TVqoCai6AE9oRf0ajwaz8ab8T6PZox05hD9gfHxDZ2hmn4=</latexit>

log(1/p1)/ log(1/p2)  ✏
<latexit sha1_base64="Nj+p3eHFXcBl0soP8sJtppmKwgA=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe6KVI9FL96sYD+gXUo2nW1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzAsmZNq777aysrq1vbOa28ts7u3v7hYPDho4TRaFOYx6rVkA0cCagbpjh0JIKSBRwaAbD26nfHIHSLBaPZizBj0hfsJBRYqzk35fkeQekZjwWZ91C0S27M+Bl4mWkiDLUuoWvTi+mSQTCUE60bnuuNH5KlGGUwyTfSTRIQoekD21LBYlA++ns6Ak+tUoPh7GyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UyZkYkDQ+aIw4djEeJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdmrlCsPl8XqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AH7lJGc</latexit>

O(p/ ! )

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!

<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)
<latexit sha1_base64="MD1OEmBj8OXTQ0QY6nbyY2xcqg0=">AAACHHicbVBNSwMxEM36bf2qevQSLEK91F0V9Sh68aaCVaFbSzY7raHZZE1mhbLsD/HiX/HiQREvHgT/jWntwa8HAy/vzZCZF6VSWPT9D29kdGx8YnJqujQzOze/UF5cOrc6MxzqXEttLiNmQQoFdRQo4TI1wJJIwkXUPez7F7dgrNDqDHspNBPWUaItOEMntcpbm1d5iELGkB8X1dDeGMxDqTs0LmjIY420/6oGGyGkVkit1teLVrni1/wB6F8SDEmFDHHSKr+FseZZAgq5ZNY2Aj/FZs4MCi6hKIWZhZTxLutAw1HFErDNfHBcQdecEtO2Nq4U0oH6fSJnibW9JHKdCcNr+9vri/95jQzbe81cqDRDUPzro3YmKWraT4rGwgBH2XOEcSPcrpRfM8M4ujxLLoTg98l/yflmLdip7ZxuV/YPhnFMkRWySqokILtknxyRE1InnNyRB/JEnr1779F78V6/Wke84cwy+QHv/RMxJaFt</latexit>

2
÷O(

!
log dálog(1 / ! ))

^            -time oracle
<latexit sha1_base64="GBBEONKhuZXsDSCZ06TBhXLfZiQ=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWomzIjUl0W3bisYB/QDiWTybSheQxJplCG/okbF4q49U/c+Tdm2llo64HA4Zx7uScnTBjVxvO+ndLG5tb2Tnm3srd/cHjkHp90tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuHkPve7U6I0leLJzBIScDQSNKYYGSsNXXfAkRkrniWSzea16HLoVr26twBcJ35BqqBAa+h+DSKJU06EwQxp3fe9xAQZUoZiRuaVQapJgvAEjUjfUoE40UG2SD6HF1aJYCyVfcLAhfp7I0Nc6xkP7WSeU696ufif109NfBtkVCSpIQIvD8Upg0bCvAYYUUWwYTNLEFbUZoV4jBTCxpZVsSX4q19eJ52rut+oNx6vq827oo4yOAPnoAZ8cAOa4AG0QBtgMAXP4BW8OZnz4rw7H8vRklPsnII/cD5/AKMek6w=</latexit>

poly(d)

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!
<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-LSH. Up to factor-2, easiest structure to handle is a dense ball.


• Thm [Andoni-Naor-Nikolov-Razenshteyn-Waingarten ’18]: For all                      , 


• Either there is an     -ball of radius                 with half of the points.


• Or, there is an LSH for approx.             with                                     . 
 

• No Dense Ball             Sparse cuts of potential query-nn pairs.  

• [Kush-Nikolov-Tang ’21]: efficient preprocessing for               via average-distortion

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="OSHu3nChYO1pxcpyD4fEh0PqLqw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLeT/rlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AJgqjyk=</latexit>

`p
<latexit sha1_base64="2kNuNV1xVTSmfKvKoZsASfyKjZk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuqkzItVl0Y07K9gHdIaSyaRtaCYJSUYoQ8FfceNCEbd+hzv/xrSdhVYPXDiccy/33hNJRrXxvC+nsLS8srpWXC9tbG5t77i7ey0tUoVJEwsmVCdCmjDKSdNQw0hHKoKSiJF2NLqe+u0HojQV/N6MJQkTNOC0TzEyVuq5B7cVeRoQqSkT/AQGOBYGqp5b9qreDPAv8XNSBjkaPfcziAVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x2/gQeWyWGfaFscQNn6s+JDCVaj5PIdibIDPWiNxX/87qp6V+GGeUyNYTj+aJ+yqARcJoFjKki2LCxJQgram+FeIgUwsYmVrIh+Isv/yWts6pfq9buzsv1qzyOIjgER6ACfHAB6uAGNEATYJCBJ/ACXp1H59l5c97nrQUnn9kHv+B8fAPo2ZTV</latexit>

O(p/✏) · r
<latexit sha1_base64="0wzCcxyV+X4aASbR/rFKhgFFs/Q=">AAACEHicbVDLTgIxFO3gC/GFunTTSIywgRli0CXRjUtM5JEwhHTKHWjoPGw7JmTCJ7jxV9y40Bi3Lt35N3ZgYhQ8SZPTc85Ne48TciaVaX4ZmZXVtfWN7GZua3tndy+/f9CSQSQoNGnAA9FxiATOfGgqpjh0QgHEczi0nfFV4rfvQUgW+LdqEkLPI0OfuYwSpaV+/tTmwbBoVcK+VcIV/HOrljSHO2xDKBlPkgWzbM6Al4mVkgJK0ejnP+1BQCMPfEU5kbJrmaHqxUQoRjlMc3YkISR0TIbQ1dQnHshePFtoik+0MsBuIPTxFZ6pvydi4kk58Ryd9IgayUUvEf/zupFyL3ox88NIgU/nD7kRxyrASTt4wARQxSeaECqY/iumIyIIVbrDnC7BWlx5mbSqZatWrt2cFeqXaR1ZdISOURFZ6BzV0TVqoCai6AE9oRf0ajwaz8ab8T6PZox05hD9gfHxDZ2hmn4=</latexit>

log(1/p1)/ log(1/p2)  ✏
<latexit sha1_base64="Nj+p3eHFXcBl0soP8sJtppmKwgA=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe6KVI9FL96sYD+gXUo2nW1Ds9mYZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzAsmZNq777aysrq1vbOa28ts7u3v7hYPDho4TRaFOYx6rVkA0cCagbpjh0JIKSBRwaAbD26nfHIHSLBaPZizBj0hfsJBRYqzk35fkeQekZjwWZ91C0S27M+Bl4mWkiDLUuoWvTi+mSQTCUE60bnuuNH5KlGGUwyTfSTRIQoekD21LBYlA++ns6Ak+tUoPh7GyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UyZkYkDQ+aIw4djEeJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdmrlCsPl8XqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AH7lJGc</latexit>

O(p/ ! )

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!

<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)
<latexit sha1_base64="MD1OEmBj8OXTQ0QY6nbyY2xcqg0=">AAACHHicbVBNSwMxEM36bf2qevQSLEK91F0V9Sh68aaCVaFbSzY7raHZZE1mhbLsD/HiX/HiQREvHgT/jWntwa8HAy/vzZCZF6VSWPT9D29kdGx8YnJqujQzOze/UF5cOrc6MxzqXEttLiNmQQoFdRQo4TI1wJJIwkXUPez7F7dgrNDqDHspNBPWUaItOEMntcpbm1d5iELGkB8X1dDeGMxDqTs0LmjIY420/6oGGyGkVkit1teLVrni1/wB6F8SDEmFDHHSKr+FseZZAgq5ZNY2Aj/FZs4MCi6hKIWZhZTxLutAw1HFErDNfHBcQdecEtO2Nq4U0oH6fSJnibW9JHKdCcNr+9vri/95jQzbe81cqDRDUPzro3YmKWraT4rGwgBH2XOEcSPcrpRfM8M4ujxLLoTg98l/yflmLdip7ZxuV/YPhnFMkRWySqokILtknxyRE1InnNyRB/JEnr1779F78V6/Wke84cwy+QHv/RMxJaFt</latexit>

2
÷O(

!
log dálog(1 / ! ))

^            -time oracle
<latexit sha1_base64="GBBEONKhuZXsDSCZ06TBhXLfZiQ=">AAAB+XicbVDLSgMxFM3UV62vUZdugkWomzIjUl0W3bisYB/QDiWTybSheQxJplCG/okbF4q49U/c+Tdm2llo64HA4Zx7uScnTBjVxvO+ndLG5tb2Tnm3srd/cHjkHp90tEwVJm0smVS9EGnCqCBtQw0jvUQRxENGuuHkPve7U6I0leLJzBIScDQSNKYYGSsNXXfAkRkrniWSzea16HLoVr26twBcJ35BqqBAa+h+DSKJU06EwQxp3fe9xAQZUoZiRuaVQapJgvAEjUjfUoE40UG2SD6HF1aJYCyVfcLAhfp7I0Nc6xkP7WSeU696ufif109NfBtkVCSpIQIvD8Upg0bCvAYYUUWwYTNLEFbUZoV4jBTCxpZVsSX4q19eJ52rut+oNx6vq827oo4yOAPnoAZ8cAOa4AG0QBtgMAXP4BW8OZnz4rw7H8vRklPsnII/cD5/AKMek6w=</latexit>

poly(d)
<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)

<latexit sha1_base64="gOFcj3gDErFHLOUVfpbQ/YBqnaw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR6LXjxWsB/YXUo2m7ah2WRJskLZ9l948aCIV/+NN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c789hNVmknxYMYJDWI8EKzPCDZWevQnyCeRNP6kV664VXcOtEq8nFQgR6NX/vIjSdKYCkM41rrruYkJMqwMI5xOS36qaYLJCA9o11KBY6qDbH7xFJ1ZJUJ9qWwJg+bq74kMx1qP49B2xtgM9bI3E//zuqnpXwcZE0lqqCCLRf2UIyPR7H0UMUWJ4WNLMFHM3orIECtMjA2pZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEwgIeIZXeHO08+K8Ox+L1oKTzxzDHzifP2EskL8=</latexit>

! á!
<latexit sha1_base64="JUD4IoQU445zuQUDElb5eaIEEyk=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOFKkui27cWcE+oDOWTCZtQzPJkGSEMnbhr7hxoYhbf8Odf2PazkJbD1w4nHMv994TxIwq7TjfVm5peWV1Lb9e2Njc2t6xd/eaSiQSkwYWTMh2gBRhlJOGppqRdiwJigJGWsHwauK3HohUVPA7PYqJH6E+pz2KkTZS1z64KXlM9GEIT6FHYkWZ4PeVk65ddMrOFHCRuBkpggz1rv3lhQInEeEaM6RUx3Vi7adIaooZGRe8RJEY4SHqk46hHEVE+en0/jE8NkoIe0Ka4hpO1d8TKYqUGkWB6YyQHqh5byL+53US3bvwU8rjRBOOZ4t6CYNawEkYMKSSYM1GhiAsqbkV4gGSCGsTWcGE4M6/vEialbJbLVdvz4q1yyyOPDgER6AEXHAOauAa1EEDYPAInsEreLOerBfr3fqYteasbGYf/IH1+QO9MZSp</latexit>

O(log d/ ! 2)



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-Decompose. [Indyk ’00]


• Thm: For any                      , either there is an      -ball of radius                         , or
<latexit sha1_base64="4HxN62pPPSsrHeIFwFrExQ2Uwmk=">AAACEHicbVBNS8NAEN34WetX1aOXxSIqSElE1KPoxWMVWwtNLJvtRJduNmF3IpTQn+DFv+LFgyJePXrz37hpe/DrwcDjvRlm5oWpFAZd99OZmJyanpktzZXnFxaXlisrq02TZJpDgycy0a2QGZBCQQMFSmilGlgcSrgKe6eFf3UH2ohEXWI/hSBmN0pEgjO0UqeyVae+yUIDSLf9mOFtGOYXg+vuLvVByk7uCxVhf7DTqVTdmjsE/Uu8MamSMeqdyoffTXgWg0IumTFtz00xyJlGwSUMyn5mIGW8x26gbaliMZggHz40oJtW6dIo0bYU0qH6fSJnsTH9OLSdxc3mt1eI/3ntDKOjIBcqzRAUHy2KMkkxoUU6tCs0cJR9SxjXwt5K+S3TjKPNsGxD8H6//Jc092reQe3gfL96fDKOo0TWyQbZJh45JMfkjNRJg3ByTx7JM3lxHpwn59V5G7VOOOOZNfIDzvsXFHacpw==</latexit>

P ! (Rd, ! ! )
<latexit sha1_base64="4HxN62pPPSsrHeIFwFrExQ2Uwmk=">AAACEHicbVBNS8NAEN34WetX1aOXxSIqSElE1KPoxWMVWwtNLJvtRJduNmF3IpTQn+DFv+LFgyJePXrz37hpe/DrwcDjvRlm5oWpFAZd99OZmJyanpktzZXnFxaXlisrq02TZJpDgycy0a2QGZBCQQMFSmilGlgcSrgKe6eFf3UH2ohEXWI/hSBmN0pEgjO0UqeyVae+yUIDSLf9mOFtGOYXg+vuLvVByk7uCxVhf7DTqVTdmjsE/Uu8MamSMeqdyoffTXgWg0IumTFtz00xyJlGwSUMyn5mIGW8x26gbaliMZggHz40oJtW6dIo0bYU0qH6fSJnsTH9OLSdxc3mt1eI/3ntDKOjIBcqzRAUHy2KMkkxoUU6tCs0cJR9SxjXwt5K+S3TjKPNsGxD8H6//Jc092reQe3gfL96fDKOo0TWyQbZJh45JMfkjNRJg3ByTx7JM3lxHpwn59V5G7VOOOOZNfIDzvsXFHacpw==</latexit>

P ! (Rd, ! ! )
<latexit sha1_base64="pLt/tof5aV+A8qQOzjVjDkSGLng=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURqS6LbtxZwT6gCWUymbRDJzNhZiKU0p0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufeeIGFUacf5tgpLyyura8X10sbm1vaOvbvXUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6G15nffiBSUcHv9Sghfoz6nEYUI22knn14W/GY6GcFw5NTjySKMsGhh0OhoezZZafqTAEXiZuTMsjR6NlfXihwGhOuMUNKdV0n0f4YSU0xI5OSlyqSIDxEfdI1lKOYKH88/WMCj40SwkhIU1zDqfp7YoxipUZxYDpjpAdq3svE/7xuqqNLf0x5kmrC8WxRlDKoBcxCgSGVBGs2MgRhSc2tEA+QRFib6EomBHf+5UXSOqu6tWrt7rxcv8rjKIIDcAQqwAUXoA5uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Ynz+Mzph/</latexit>

O(log logd)/ ! ár



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-Decompose. [Indyk ’00]


• Thm: For any                      , either there is an      -ball of radius                         , or
<latexit sha1_base64="4HxN62pPPSsrHeIFwFrExQ2Uwmk=">AAACEHicbVBNS8NAEN34WetX1aOXxSIqSElE1KPoxWMVWwtNLJvtRJduNmF3IpTQn+DFv+LFgyJePXrz37hpe/DrwcDjvRlm5oWpFAZd99OZmJyanpktzZXnFxaXlisrq02TZJpDgycy0a2QGZBCQQMFSmilGlgcSrgKe6eFf3UH2ohEXWI/hSBmN0pEgjO0UqeyVae+yUIDSLf9mOFtGOYXg+vuLvVByk7uCxVhf7DTqVTdmjsE/Uu8MamSMeqdyoffTXgWg0IumTFtz00xyJlGwSUMyn5mIGW8x26gbaliMZggHz40oJtW6dIo0bYU0qH6fSJnsTH9OLSdxc3mt1eI/3ntDKOjIBcqzRAUHy2KMkkxoUU6tCs0cJR9SxjXwt5K+S3TjKPNsGxD8H6//Jc092reQe3gfL96fDKOo0TWyQbZJh45JMfkjNRJg3ByTx7JM3lxHpwn59V5G7VOOOOZNfIDzvsXFHacpw==</latexit>

P ! (Rd, ! ! )
<latexit sha1_base64="4HxN62pPPSsrHeIFwFrExQ2Uwmk=">AAACEHicbVBNS8NAEN34WetX1aOXxSIqSElE1KPoxWMVWwtNLJvtRJduNmF3IpTQn+DFv+LFgyJePXrz37hpe/DrwcDjvRlm5oWpFAZd99OZmJyanpktzZXnFxaXlisrq02TZJpDgycy0a2QGZBCQQMFSmilGlgcSrgKe6eFf3UH2ohEXWI/hSBmN0pEgjO0UqeyVae+yUIDSLf9mOFtGOYXg+vuLvVByk7uCxVhf7DTqVTdmjsE/Uu8MamSMeqdyoffTXgWg0IumTFtz00xyJlGwSUMyn5mIGW8x26gbaliMZggHz40oJtW6dIo0bYU0qH6fSJnsTH9OLSdxc3mt1eI/3ntDKOjIBcqzRAUHy2KMkkxoUU6tCs0cJR9SxjXwt5K+S3TjKPNsGxD8H6//Jc092reQe3gfL96fDKOo0TWyQbZJh45JMfkjNRJg3ByTx7JM3lxHpwn59V5G7VOOOOZNfIDzvsXFHacpw==</latexit>

P ! (Rd, ! ! )
<latexit sha1_base64="pLt/tof5aV+A8qQOzjVjDkSGLng=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURqS6LbtxZwT6gCWUymbRDJzNhZiKU0p0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufeeIGFUacf5tgpLyyura8X10sbm1vaOvbvXUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6G15nffiBSUcHv9Sghfoz6nEYUI22knn14W/GY6GcFw5NTjySKMsGhh0OhoezZZafqTAEXiZuTMsjR6NlfXihwGhOuMUNKdV0n0f4YSU0xI5OSlyqSIDxEfdI1lKOYKH88/WMCj40SwkhIU1zDqfp7YoxipUZxYDpjpAdq3svE/7xuqqNLf0x5kmrC8WxRlDKoBcxCgSGVBGs2MgRhSc2tEA+QRFib6EomBHf+5UXSOqu6tWrt7rxcv8rjKIIDcAQqwAUXoA5uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Ynz+Mzph/</latexit>

O(log logd)/ ! ár

<latexit sha1_base64="SRgDohqLfDBQroEqm5OvqNt8hUA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBKR6rHoxWMF+wFpKJvNpF262YTdjVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpJwp7Tjf1srq2vrGZmmrvL2zu7dvVw7aKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxhdT/3OPUjFEnGnxyn4MRkIFjFKtJH6dqUHj2aLwiPcYwJ7od+3q07NmQEvE7cgVVSg2be/emFCsxiEppwo5blOqv2cSM0oh0m5lylICR2RAXiGChKD8vPZ6RN8YpQQR4k0JTSeqb8nchIrNY4D0xkTPVSL3lT8z/MyHV36ORNppkHQ+aIo41gneJoDDpkEqvnYEEIlM7diOiSSUG3SKpsQ3MWXl0n7rObWa/Xb82rjqoijhI7QMTpFLrpADXSDmqiFKHpAz+gVvVlP1ov1bn3MW1esYuYQ/YH1+QNoR5N2</latexit>

! k " [d]
<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L
<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="zEAW6iYTrlnGL/3K/+0e37+hKE0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ifjNw=</latexit>

M

<latexit sha1_base64="IsFp4rQgzs47jK75EwrdKJNB/fY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4UIpgHJEuYnXSSIbOz68ysEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HrqN59QaR7JBzOO0Q/pQPI+Z9RYqXVLOiyJyV23WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10du+EnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLT50mPK2RGjC2hTHF7K2FDqigzNqKCDcFbfHmZNM7KXqVcuT8vVa+yOPJwBMdwCh5cQBVuoAZ1YCDgGV7hzXl0Xpx352PemnOymUP4A+fzBwSbj1I=</latexit>

L ! M
<latexit sha1_base64="tL4aX8rCPLCRw7a1vupV/6Z5WfQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EKOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSkHnAccz+kAyX6glG0UuuWdFgSk/tuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns3sn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp86QnNGcox5ZQpoW9lbAh1ZShjahgQ/AWX14mjbOyVylX7s5L1assjjwcwTGcggcXUIUbqEEdGEh4hld4cx6dF+fd+Zi35pxs5hD+wPn8AQ26j1g=</latexit>

M ! R



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Ball-or-Decompose. [Indyk ’00]


• Thm: For any                      , either there is an      -ball of radius                         , or
<latexit sha1_base64="4HxN62pPPSsrHeIFwFrExQ2Uwmk=">AAACEHicbVBNS8NAEN34WetX1aOXxSIqSElE1KPoxWMVWwtNLJvtRJduNmF3IpTQn+DFv+LFgyJePXrz37hpe/DrwcDjvRlm5oWpFAZd99OZmJyanpktzZXnFxaXlisrq02TZJpDgycy0a2QGZBCQQMFSmilGlgcSrgKe6eFf3UH2ohEXWI/hSBmN0pEgjO0UqeyVae+yUIDSLf9mOFtGOYXg+vuLvVByk7uCxVhf7DTqVTdmjsE/Uu8MamSMeqdyoffTXgWg0IumTFtz00xyJlGwSUMyn5mIGW8x26gbaliMZggHz40oJtW6dIo0bYU0qH6fSJnsTH9OLSdxc3mt1eI/3ntDKOjIBcqzRAUHy2KMkkxoUU6tCs0cJR9SxjXwt5K+S3TjKPNsGxD8H6//Jc092reQe3gfL96fDKOo0TWyQbZJh45JMfkjNRJg3ByTx7JM3lxHpwn59V5G7VOOOOZNfIDzvsXFHacpw==</latexit>

P ! (Rd, ! ! )
<latexit sha1_base64="4HxN62pPPSsrHeIFwFrExQ2Uwmk=">AAACEHicbVBNS8NAEN34WetX1aOXxSIqSElE1KPoxWMVWwtNLJvtRJduNmF3IpTQn+DFv+LFgyJePXrz37hpe/DrwcDjvRlm5oWpFAZd99OZmJyanpktzZXnFxaXlisrq02TZJpDgycy0a2QGZBCQQMFSmilGlgcSrgKe6eFf3UH2ohEXWI/hSBmN0pEgjO0UqeyVae+yUIDSLf9mOFtGOYXg+vuLvVByk7uCxVhf7DTqVTdmjsE/Uu8MamSMeqdyoffTXgWg0IumTFtz00xyJlGwSUMyn5mIGW8x26gbaliMZggHz40oJtW6dIo0bYU0qH6fSJnsTH9OLSdxc3mt1eI/3ntDKOjIBcqzRAUHy2KMkkxoUU6tCs0cJR9SxjXwt5K+S3TjKPNsGxD8H6//Jc092reQe3gfL96fDKOo0TWyQbZJh45JMfkjNRJg3ByTx7JM3lxHpwn59V5G7VOOOOZNfIDzvsXFHacpw==</latexit>

P ! (Rd, ! ! )
<latexit sha1_base64="pLt/tof5aV+A8qQOzjVjDkSGLng=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNzURqS6LbtxZwT6gCWUymbRDJzNhZiKU0p0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufeeIGFUacf5tgpLyyura8X10sbm1vaOvbvXUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6G15nffiBSUcHv9Sghfoz6nEYUI22knn14W/GY6GcFw5NTjySKMsGhh0OhoezZZafqTAEXiZuTMsjR6NlfXihwGhOuMUNKdV0n0f4YSU0xI5OSlyqSIDxEfdI1lKOYKH88/WMCj40SwkhIU1zDqfp7YoxipUZxYDpjpAdq3svE/7xuqqNLf0x5kmrC8WxRlDKoBcxCgSGVBGs2MgRhSc2tEA+QRFib6EomBHf+5UXSOqu6tWrt7rxcv8rjKIIDcAQqwAUXoA5uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Ynz+Mzph/</latexit>

O(log logd)/ ! ár

<latexit sha1_base64="SRgDohqLfDBQroEqm5OvqNt8hUA=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBKR6rHoxWMF+wFpKJvNpF262YTdjVpif4oXD4p49Zd489+4bXPQ1gcDj/dmmJkXpJwp7Tjf1srq2vrGZmmrvL2zu7dvVw7aKskkhRZNeCK7AVHAmYCWZppDN5VA4oBDJxhdT/3OPUjFEnGnxyn4MRkIFjFKtJH6dqUHj2aLwiPcYwJ7od+3q07NmQEvE7cgVVSg2be/emFCsxiEppwo5blOqv2cSM0oh0m5lylICR2RAXiGChKD8vPZ6RN8YpQQR4k0JTSeqb8nchIrNY4D0xkTPVSL3lT8z/MyHV36ORNppkHQ+aIo41gneJoDDpkEqvnYEEIlM7diOiSSUG3SKpsQ3MWXl0n7rObWa/Xb82rjqoijhI7QMTpFLrpADXSDmqiFKHpAz+gVvVlP1ov1bn3MW1esYuYQ/YH1+QNoR5N2</latexit>

! k " [d]
<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="BkZirS3xLJHdCVdDDlMDKbxoLwk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCnG4zb</latexit>

L
<latexit sha1_base64="gA+KaQ8q4BwMGmTB+QI+KZDk2aQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALAzjOE=</latexit>

R
<latexit sha1_base64="zEAW6iYTrlnGL/3K/+0e37+hKE0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ifjNw=</latexit>

M

<latexit sha1_base64="IsFp4rQgzs47jK75EwrdKJNB/fY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4UIpgHJEuYnXSSIbOz68ysEJb8hBcPinj1d7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HrqN59QaR7JBzOO0Q/pQPI+Z9RYqXVLOiyJyV23WHLL7gxkmXgZKUGGWrf41elFLAlRGiao1m3PjY2fUmU4EzgpdBKNMWUjOsC2pZKGqP10du+EnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/6adcxolByeaL+okgJiLT50mPK2RGjC2hTHF7K2FDqigzNqKCDcFbfHmZNM7KXqVcuT8vVa+yOPJwBMdwCh5cQBVuoAZ1YCDgGV7hzXl0Xpx352PemnOymUP4A+fzBwSbj1I=</latexit>

L ! M
<latexit sha1_base64="tL4aX8rCPLCRw7a1vupV/6Z5WfQ=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL16EKOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0fXUbz5xbUSkHnAccz+kAyX6glG0UuuWdFgSk/tuseSW3RnIMvEyUoIMtW7xq9OLWBJyhUxSY9qeG6OfUo2CST4pdBLDY8pGdMDblioacuOns3sn5MQqPdKPtC2FZKb+nkhpaMw4DGxnSHFoFr2p+J/XTrB/6adCxQlyxeaL+okkGJHp86QnNGcox5ZQpoW9lbAh1ZShjahgQ/AWX14mjbOyVylX7s5L1assjjwcwTGcggcXUIUbqEEdGEh4hld4cx6dF+fd+Zi35pxs5hD+wPn8AQ26j1g=</latexit>

M ! R

<latexit sha1_base64="//Dl3w94H9KbJ5XJ5MSmsrNQ41c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBYhRayJSHVZdOOyQl/QhjKZTNqhk0mcmQglFNz4K25cKOLWn3Dn3zhts9DWAxcO59zLvfd4MaNS2fa3kVtaXlldy68XNja3tnfM3b2mjBKBSQNHLBJtD0nCKCcNRRUj7VgQFHqMtLzhzcRvPRAhacTrahQTN0R9TgOKkdJSzzyoW7wEu4zcQweewLplOafOmV+CvNQzi3bZngIuEicjRZCh1jO/un6Ek5BwhRmSsuPYsXJTJBTFjIwL3USSGOEh6pOOphyFRLrp9IcxPNaKD4NI6OIKTtXfEykKpRyFnu4MkRrIeW8i/ud1EhVcuSnlcaIIx7NFQcKgiuAkEOhTQbBiI00QFlTfCvEACYSVjq2gQ3DmX14kzfOyUylX7i6K1essjjw4BEfAAg64BFVwC2qgATB4BM/gFbwZT8aL8W58zFpzRjazD/7A+PwBAemT7Q==</latexit>

T (n) ! 1 + T((1 " 1/d )n)Query time:
<latexit sha1_base64="Om5Ws1tsKwjl6XoYQqWXCGm/Vi8=">AAACIHicbVDLSgMxFM34rPU16tJNsAiVQpkRaV0W3biw4KsqdMaSSW9taCYzJhmhDP0UN/6KGxeK6E6/xrSdhVoPBM49515u7glizpR2nE9ranpmdm4+t5BfXFpeWbXX1i9VlEgKDRrxSF4HRAFnAhqaaQ7XsQQSBhyugt7h0L+6B6lYJC50PwY/JLeCdRgl2kgtu3peFDvY43CHz4vH2KNJjOs7uGSq+rg6y2xxk7olD2LFeCQGLbvglJ0R8CRxM1JAGU5a9ofXjmgSgtCUE6WarhNrPyVSM8phkPcSBTGhPXILTUMFCUH56ejAAd42Sht3Imme0Hik/pxISahUPwxMZ0h0V/31huJ/XjPRnX0/ZSJONAg6XtRJONYRHqaF20wC1bxvCKGSmb9i2iWSUG0yzZsQ3L8nT5LL3bJbKVdO9wq1gyyOHNpEW6iIXFRFNXSETlADUfSAntALerUerWfrzXoft05Z2cwG+gXr6xvjXZ/T</latexit>

S(n) ! S(L " M ) + S(M " R) ! n1+ !Space:



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Projected-Ball or Decompose. [Andoni-Nikolov-Razenshteyn-Waingarten ’21]


• Thm: For any                     , either:


•    coord. projection to            with dense    -ball of radius                            , or


• Random decomposition s.t. (i) overlap is small, and (ii) split query-nn rarely.

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="FIv6gljneOs95snLFmaPaUDjc78=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUhEqt0V3bisYh/QxjKZTNqhkwczE7GE/IobF4q49Ufc+TdO2i60emDgcM693DPHSziTyra/jNLK6tr6RnmzsrW9s7tn7lc7Mk4FoW0S81j0PCwpZxFtK6Y47SWC4tDjtOtNrgq/+0CFZHF0p6YJdUM8iljACFZaGprVQYjV2POy2/w+s61Gw8+HZs227BnQX+IsSA0WaA3Nz4EfkzSkkSIcS9l37ES5GRaKEU7zyiCVNMFkgke0r2mEQyrdbJY9R8da8VEQC/0ihWbqz40Mh1JOQ09PFknlsleI/3n9VAUXbsaiJFU0IvNDQcqRilFRBPKZoETxqSaYCKazIjLGAhOl66roEpzlL/8lnVPLqVv1m7Na83JRRxkO4QhOwIFzaMI1tKANBB7hCV7g1ciNZ+PNeJ+PlozFzgH8gvHxDWOqlAg=</latexit>

R0.99d
<latexit sha1_base64="HUIWGkdg+v0w7f6T0HGlmGGCXrw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7uGT3aH75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYDCGZ3iFNydxXpx352PRWnDymWP4A+fzB6Ayj8c=</latexit>

!
<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="US2GLFaf3pLCCnkZEQ3qaj5nZso=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsm3ZGpLosunFnBfuATi2ZTNqGZpKQZIQy9BPc+CtuXCji1qU7/8b0sdDWAxdOzrmX3HtCyag2nvftZJaWV1bXsuu5jc2t7R13d6+uRaIwqWHBhGqGSBNGOakZahhpSkVQHDLSCAdXY7/xQJSmgt+ZoSTtGPU47VKMjJU67vFNIWCiByUMcCQMHD/uU78kRzCCJRgQqSkT/KTj5r2iNwFcJP6M5MEM1Y77FUQCJzHhBjOkdcv3pGmnSBmKGRnlgkQTifAA9UjLUo5iotvp5KARPLJKBLtC2eIGTtTfEymKtR7Goe2MkenreW8s/ue1EtO9aKeUy8QQjqcfdRMGjYDjdGBEFcGGDS1BWFG7K8R9pBA2NsOcDcGfP3mR1E+LfrlYvj3LVy5ncWTBATgEBeCDc1AB16AKagCDR/AMXsGb8+S8OO/Ox7Q148xm9sEfOJ8/DK6bXQ==</latexit>

O(log p álog1/p d/ ! )



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Projected-Ball or Decompose. [Andoni-Nikolov-Razenshteyn-Waingarten ’21]


• Thm: For any                     , either:


•    coord. projection to            with dense    -ball of radius                            , or


• Random decomposition s.t. (i) overlap is small, and (ii) split query-nn rarely.

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="FIv6gljneOs95snLFmaPaUDjc78=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUhEqt0V3bisYh/QxjKZTNqhkwczE7GE/IobF4q49Ufc+TdO2i60emDgcM693DPHSziTyra/jNLK6tr6RnmzsrW9s7tn7lc7Mk4FoW0S81j0PCwpZxFtK6Y47SWC4tDjtOtNrgq/+0CFZHF0p6YJdUM8iljACFZaGprVQYjV2POy2/w+s61Gw8+HZs227BnQX+IsSA0WaA3Nz4EfkzSkkSIcS9l37ES5GRaKEU7zyiCVNMFkgke0r2mEQyrdbJY9R8da8VEQC/0ihWbqz40Mh1JOQ09PFknlsleI/3n9VAUXbsaiJFU0IvNDQcqRilFRBPKZoETxqSaYCKazIjLGAhOl66roEpzlL/8lnVPLqVv1m7Na83JRRxkO4QhOwIFzaMI1tKANBB7hCV7g1ciNZ+PNeJ+PlozFzgH8gvHxDWOqlAg=</latexit>

R0.99d
<latexit sha1_base64="HUIWGkdg+v0w7f6T0HGlmGGCXrw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7uGT3aH75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYDCGZ3iFNydxXpx352PRWnDymWP4A+fzB6Ayj8c=</latexit>

!
<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="US2GLFaf3pLCCnkZEQ3qaj5nZso=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsm3ZGpLosunFnBfuATi2ZTNqGZpKQZIQy9BPc+CtuXCji1qU7/8b0sdDWAxdOzrmX3HtCyag2nvftZJaWV1bXsuu5jc2t7R13d6+uRaIwqWHBhGqGSBNGOakZahhpSkVQHDLSCAdXY7/xQJSmgt+ZoSTtGPU47VKMjJU67vFNIWCiByUMcCQMHD/uU78kRzCCJRgQqSkT/KTj5r2iNwFcJP6M5MEM1Y77FUQCJzHhBjOkdcv3pGmnSBmKGRnlgkQTifAA9UjLUo5iotvp5KARPLJKBLtC2eIGTtTfEymKtR7Goe2MkenreW8s/ue1EtO9aKeUy8QQjqcfdRMGjYDjdGBEFcGGDS1BWFG7K8R9pBA2NsOcDcGfP3mR1E+LfrlYvj3LVy5ncWTBATgEBeCDc1AB16AKagCDR/AMXsGb8+S8OO/Ox7Q148xm9sEfOJ8/DK6bXQ==</latexit>

O(log p álog1/p d/ ! )

<latexit sha1_base64="NzHH3PLiJNmHTQGJyhV12580FLE=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAVgUpSocJYwcJYpL6kNqocx22tOk6wHaQq6g+w8CssDCDEys7G3+CkGaDlSJbOPedeXd/jhoxKZVnfRm5peWV1Lb9e2Njc2t4xd/daMogEJk0csEB0XCQJo5w0FVWMdEJBkO8y0nbHN4nffiBC0oA31CQkjo+GnA4oRkpLffOoUeJn0DuBPUbuYVpYZcvWwmlSnVcSs28WtZgCLhI7I0WQod43v3pegCOfcIUZkrJrW6FyYiQUxYxMC71IkhDhMRqSrqYc+UQ6cXrNFB5rxYODQOjHFUzV3xMx8qWc+K7u9JEayXkvEf/zupEaXDkx5WGkCMezRYOIQRXAJBroUUGwYhNNEBZU/xXiERIIKx1gQYdgz5+8SFqVsl0tV+8uirXrLI48OACHoARscAlq4BbUQRNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A42ZltA=</latexit>

T (n, d) ! T(n, 0.01d) + T(n/ 2, d)

Query time:

<latexit sha1_base64="h/6ZzUi9FTvseVSgxP2gN8L097I=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlhb6giWUymbRDJzNxZiKUUPBX3LhQxK3f4c6/cdpmodUDFw7n3Mu99wQJo0o7zpdVWFpeWV0rrpc2Nre2d+zdvbYSqcSkhQUTshsgRRjlpKWpZqSbSILigJFOMLqe+p0HIhUVvKnHCfFjNOA0ohhpI/Xtg2aFn8LwBHqM3EN+l3lyKCZ9u+xUnRngX+LmpAxyNPr2pxcKnMaEa8yQUj3XSbSfIakpZmRS8lJFEoRHaEB6hnIUE+Vns/Mn8NgoIYyENMU1nKk/JzIUKzWOA9MZIz1Ui95U/M/rpTq69DPKk1QTjueLopRBLeA0CxhSSbBmY0MQltTcCvEQSYS1SaxkQnAXX/5L2mdVt1at3Z6X61d5HEVwCI5ABbjgAtTBDWiAFsAgA0/gBbxaj9az9Wa9z1sLVj6zD37B+vgGeQuUkg==</latexit>

T (n, d) ! n!

i.


ii.

<latexit sha1_base64="e+pKHqdOUjUC22SfvTatiXepIrk=">AAACIHicbVBLSwMxGMz6rPVV9eglWIR6aXeLtB6LXry1gn1At5ZsNm1Ds0lIskJZ+lO8+Fe8eFBEb/prTB+gtg4EJjPzkXwTSEa1cd1PZ2V1bX1jM7WV3t7Z3dvPHBw2tIgVJnUsmFCtAGnCKCd1Qw0jLakIigJGmsHwauI374nSVPBbM5KkE6E+pz2KkbFSN1Ou5mTBJ1JTJvgZ9I2A1ZzPRB9K6ONQGDi53CXFghzD8CfZzWTdvDsFXCbenGTBHLVu5sMPBY4jwg1mSOu250rTSZAyFDMyTvuxJhLhIeqTtqUcRUR3kumCY3hqlRD2hLKHGzhVf08kKNJ6FAU2GSEz0IveRPzPa8emd9FJKJexIRzPHurFDNoaJm3BkCqCDRtZgrCi9q8QD5BC2NhO07YEb3HlZdIo5r1SvnRznq1czutIgWNwAnLAA2VQAdegBuoAgwfwBF7Aq/PoPDtvzvssuuLMZ47AHzhf3znxodI=</latexit>

O(p/ ! ) ! O(log p álog2/p d/ ! )



the “data-dependent” approach
Finding Structure in Arbitrary Datasets

• Dense Projected-Ball or Decompose. [Andoni-Nikolov-Razenshteyn-Waingarten ’21]


• Thm: For any                     , either:


•    coord. projection to            with dense    -ball of radius                            , or


• Random decomposition s.t. (i) overlap is small, and (ii) split query-nn rarely.

<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="FIv6gljneOs95snLFmaPaUDjc78=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUhEqt0V3bisYh/QxjKZTNqhkwczE7GE/IobF4q49Ufc+TdO2i60emDgcM693DPHSziTyra/jNLK6tr6RnmzsrW9s7tn7lc7Mk4FoW0S81j0PCwpZxFtK6Y47SWC4tDjtOtNrgq/+0CFZHF0p6YJdUM8iljACFZaGprVQYjV2POy2/w+s61Gw8+HZs227BnQX+IsSA0WaA3Nz4EfkzSkkSIcS9l37ES5GRaKEU7zyiCVNMFkgke0r2mEQyrdbJY9R8da8VEQC/0ihWbqz40Mh1JOQ09PFknlsleI/3n9VAUXbsaiJFU0IvNDQcqRilFRBPKZoETxqSaYCKazIjLGAhOl66roEpzlL/8lnVPLqVv1m7Na83JRRxkO4QhOwIFzaMI1tKANBB7hCV7g1ciNZ+PNeJ+PlozFzgH8gvHxDWOqlAg=</latexit>

R0.99d
<latexit sha1_base64="HUIWGkdg+v0w7f6T0HGlmGGCXrw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7uGT3aH75Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n83On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiaz38mAK2RGTCyhTHF7K2EjqigzNqGSDcFbfnmVtC6qXq1au7+s1G/yOIpwAqdwDh5cQR3uoAFNYDCGZ3iFNydxXpx352PRWnDymWP4A+fzB6Ayj8c=</latexit>

!
<latexit sha1_base64="KxCdZMnA6ZsoHcBUFtmMhasj7TI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURqS6LblxWsQ9oYplMbtqhkwczE6GErt34K25cKOLWL3Dn3zhpu9DqgQuHc+7l3nu8hDOpLOvLKCwsLi2vFFdLa+sbm1vm9k5Lxqmg0KQxj0XHIxI4i6CpmOLQSQSQ0OPQ9oaXud++ByFZHN2qUQJuSPoRCxglSks9c7+BHZl6EhSuOCFRA8/LbsZ3/jF2gPNecoR7ZtmqWhPgv8SekTKaodEzPx0/pmkIkaKcSNm1rUS5GRGKUQ7jkpNKSAgdkj50NY1ICNLNJq+M8aFWfBzEQlek8ET9OZGRUMpR6OnO/Fo57+Xif143VcG5m7EoSRVEdLooSDlWMc5zwT4TQBUfaUKoYPpWTAdEEKp0eiUdgj3/8l/SOqnatWrt+rRcv5jFUUR76ABVkI3OUB1doQZqIooe0BN6Qa/Go/FsvBnv09aCMZvZRb9gfHwDdMqZfQ==</latexit>

P ⇢ (Rd, `p)
<latexit sha1_base64="US2GLFaf3pLCCnkZEQ3qaj5nZso=">AAACEHicbVDLSgMxFM3UV62vUZdugkWsm3ZGpLosunFnBfuATi2ZTNqGZpKQZIQy9BPc+CtuXCji1qU7/8b0sdDWAxdOzrmX3HtCyag2nvftZJaWV1bXsuu5jc2t7R13d6+uRaIwqWHBhGqGSBNGOakZahhpSkVQHDLSCAdXY7/xQJSmgt+ZoSTtGPU47VKMjJU67vFNIWCiByUMcCQMHD/uU78kRzCCJRgQqSkT/KTj5r2iNwFcJP6M5MEM1Y77FUQCJzHhBjOkdcv3pGmnSBmKGRnlgkQTifAA9UjLUo5iotvp5KARPLJKBLtC2eIGTtTfEymKtR7Goe2MkenreW8s/ue1EtO9aKeUy8QQjqcfdRMGjYDjdGBEFcGGDS1BWFG7K8R9pBA2NsOcDcGfP3mR1E+LfrlYvj3LVy5ncWTBATgEBeCDc1AB16AKagCDR/AMXsGb8+S8OO/Ox7Q148xm9sEfOJ8/DK6bXQ==</latexit>

O(log p álog1/p d/ ! )

<latexit sha1_base64="NzHH3PLiJNmHTQGJyhV12580FLE=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAVgUpSocJYwcJYpL6kNqocx22tOk6wHaQq6g+w8CssDCDEys7G3+CkGaDlSJbOPedeXd/jhoxKZVnfRm5peWV1Lb9e2Njc2t4xd/daMogEJk0csEB0XCQJo5w0FVWMdEJBkO8y0nbHN4nffiBC0oA31CQkjo+GnA4oRkpLffOoUeJn0DuBPUbuYVpYZcvWwmlSnVcSs28WtZgCLhI7I0WQod43v3pegCOfcIUZkrJrW6FyYiQUxYxMC71IkhDhMRqSrqYc+UQ6cXrNFB5rxYODQOjHFUzV3xMx8qWc+K7u9JEayXkvEf/zupEaXDkx5WGkCMezRYOIQRXAJBroUUGwYhNNEBZU/xXiERIIKx1gQYdgz5+8SFqVsl0tV+8uirXrLI48OACHoARscAlq4BbUQRNg8AiewSt4M56MF+Pd+Ji15oxsZh/8gfH5A42ZltA=</latexit>

T (n, d) ! T(n, 0.01d) + T(n/ 2, d)

Query time:

<latexit sha1_base64="h/6ZzUi9FTvseVSgxP2gN8L097I=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlhb6giWUymbRDJzNxZiKUUPBX3LhQxK3f4c6/cdpmodUDFw7n3Mu99wQJo0o7zpdVWFpeWV0rrpc2Nre2d+zdvbYSqcSkhQUTshsgRRjlpKWpZqSbSILigJFOMLqe+p0HIhUVvKnHCfFjNOA0ohhpI/Xtg2aFn8LwBHqM3EN+l3lyKCZ9u+xUnRngX+LmpAxyNPr2pxcKnMaEa8yQUj3XSbSfIakpZmRS8lJFEoRHaEB6hnIUE+Vns/Mn8NgoIYyENMU1nKk/JzIUKzWOA9MZIz1Ui95U/M/rpTq69DPKk1QTjueLopRBLeA0CxhSSbBmY0MQltTcCvEQSYS1SaxkQnAXX/5L2mdVt1at3Z6X61d5HEVwCI5ABbjgAtTBDWiAFsAgA0/gBbxaj9az9Wa9z1sLVj6zD37B+vgGeQuUkg==</latexit>

T (n, d) ! n!

i.


ii.

<latexit sha1_base64="e+pKHqdOUjUC22SfvTatiXepIrk=">AAACIHicbVBLSwMxGMz6rPVV9eglWIR6aXeLtB6LXry1gn1At5ZsNm1Ds0lIskJZ+lO8+Fe8eFBEb/prTB+gtg4EJjPzkXwTSEa1cd1PZ2V1bX1jM7WV3t7Z3dvPHBw2tIgVJnUsmFCtAGnCKCd1Qw0jLakIigJGmsHwauI374nSVPBbM5KkE6E+pz2KkbFSN1Ou5mTBJ1JTJvgZ9I2A1ZzPRB9K6ONQGDi53CXFghzD8CfZzWTdvDsFXCbenGTBHLVu5sMPBY4jwg1mSOu250rTSZAyFDMyTvuxJhLhIeqTtqUcRUR3kumCY3hqlRD2hLKHGzhVf08kKNJ6FAU2GSEz0IveRPzPa8emd9FJKJexIRzPHurFDNoaJm3BkCqCDRtZgrCi9q8QD5BC2NhO07YEb3HlZdIo5r1SvnRznq1czutIgWNwAnLAA2VQAdegBuoAgwfwBF7Aq/PoPDtvzvssuuLMZ47AHzhf3znxodI=</latexit>

O(p/ ! ) ! O(log p álog2/p d/ ! )
<latexit sha1_base64="sF7TSI3fbQNJcidCk1XOVpWNkhM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6qbOiFSXRTfurGAf0BlKJs20oZkkJBmh1C78FTcuFHHrb7jzb0zbWWjrgQuHc+7l3nsiyag2nvft5JaWV1bX8uuFjc2t7R13d6+hRaowqWPBhGpFSBNGOakbahhpSUVQEjHSjAbXE7/5QJSmgt+boSRhgnqcxhQjY6WOexAYAW9LARM9KE8DIjVlgp903KJX9qaAi8TPSBFkqHXcr6ArcJoQbjBDWrd9T5pwhJShmJFxIUg1kQgPUI+0LeUoITocTe8fw2OrdGEslC1u4FT9PTFCidbDJLKdCTJ9Pe9NxP+8dmriy3BEuUwN4Xi2KE4ZtD9PwoBdqgg2bGgJworaWyHuI4WwsZEVbAj+/MuLpHFW9ivlyt15sXqVxZEHh+AIlIAPLkAV3IAaqAMMHsEzeAVvzpPz4rw7H7PWnJPN7IM/cD5/AK4ylUQ=</latexit>

! O(log p/ ! )
[Andoni, Shekel-Nosatzki ’25]



Other aspects…
• Approximate nearest neighbors for … 


• Earth-Mover’s Distance [Andoni-Indyk-Krauthgamer ’08, Jayaram-Waingarten-Zhang ’24]


• Edit Distance [Ostrovsky-Rabani ’05, Andoni-ShekelNosatzki ’25]


• Symmetric norms [Andoni-Nikolov-Nguyen-Razenshteyn-Waingarten ’17]


• Geometric Spanners in high-dimension [HarPeled-Indyk-Sidropolous’13, Andoni-Zhang’23]


• Kernel Density Estimation [Charikar-Kapralov-Nouri-Siminelakis ’20, Backurs-Charikar-Indyk-
Siminelakis ’18]


• Privacy and Fairness in Nearest Neighbors [Aumuller-HarPeled-Mahabadi-Pagh-Silvestri ’22, 
Andoni-Indyk-Mahabadi-Narayanan ‘23] 



Other aspects…
• Approximate nearest neighbors for … 


• Earth-Mover’s Distance [Andoni-Indyk-Krauthgamer ’08, Jayaram-Waingarten-Zhang ’24]


• Edit Distance [Ostrovsky-Rabani ’05, Andoni-ShekelNosatzki ’25]


• Symmetric norms [Andoni-Nikolov-Nguyen-Razenshteyn-Waingarten ’17]


• Geometric Spanners in high-dimension [HarPeled-Indyk-Sidropolous’13, Andoni-Zhang’23]


• Kernel Density Estimation [Charikar-Kapralov-Nouri-Siminelakis ’20, Backurs-Charikar-Indyk-
Siminelakis ’18]


• Privacy and Fairness in Nearest Neighbors [Aumuller-HarPeled-Mahabadi-Pagh-Silvestri ’22, 
Andoni-Indyk-Mahabadi-Narayanan ‘23] 

Thanks!


